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ASYMPTOTICS FOR M-ESTIMATORS IN TIME SERIES

By YAN LIU
Waseda University

It has been a half of a century since Hodges and Lehmann pro-
posed a Lemma on the asymptotic normality for the estimation of lo-
cation in 1963 before Huber, who changed the idea into the concept of
M-estimation. In this paper, we give conditions which guarantee the
asymptotic normality of M-estimator based on the observations from
time series models by minimizing some convex objective functions.
We do not assume the differentiability around the true parameter of
the objective functions. The results are extended to M,, estimates.
Examples with new aspects of the main results are also provided.

1. Introduction. Hodges and Lehmann (1963) proposed a Lemma on the asymptotic
normality for the estimation of location of i.i.d. samples. Huber (1964) generalized the idea
into M-estimation concept and investigated the robustness of the estimators.

In time series settings, the second order stationarity is usually considered. Under the con-
ditions, the process {X;} has its own spectral density f(\) in the frequency domain. The
parameter estimation is based on the periodogram

(1.1) L)) = zin{ixte“*}{ixte“}*,
t=1 t=1

which is defined on the observed stretch { X7, ..., X, }. Then the Whittle estimator is defined
as the minimizer of

(12) Do) = | Hogdet{fo()}] + (T (A folN)
The asymptotic normality of the Whittle estimator under regular conditions was shown in
Hosoya and Taniguchi (1982).

In this paper, we suppose the process{ X;} has a unique one-sided autoregressive represen-
tation in time domain as

(1.3) ij(Xt—j —p) = €,

J=0

with by = 1. The process may be second order stationarity, with some “nice” structures for
dependent data, such as ergodicity and mixing conditions. For example, the asymptotics of
the process under mixing conditions is well investigated in Ibragimov and Linnik (1971).
Even if the the process is second order stationary nonlinear, the process can be decomposed
into a linear part and a deterministic part (Wold’s decomposition), and in turn it has AR(co)
representation since the process is invertible (See Brockwell and Davis (1991), p.90).
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For M-estimation, the problem may be generalized as follows. We assume that the AR(c0)
representation of the model is characterized by a finite dimensional vector 8 = (61,7n). That
is to say, the model is defined by

(1.4) >_bi(m X = e,

Jj=0

where by = 1 and {e:} is i.i.d. (0,6;1). The parameter ; denotes the scale parameter of the
model, and the remaining parameter (fs,...,60,,) is denoted by 1. The true parameter is
represented by 6°.

Define the residual process e;(n) and its corresponding form in the following way:

t—1

(1.5) er(m) = bi(mMXe—j,  ri(0) = 0, Pes(n),
=0

(1.6) em) = bimXe—j,  v(8) =07 Pe(n).
j=0

The approximate maximum likelihood estimator is equivalent to finding the solution of

n

> " ri(0)74(0) — c(6) =0,

t=2

which is considered in Beran (1994). They extend the estimator to a class of Z-estimators and
investigate the robustness under Gaussian long-memory situation.

We look into the properties of M-estimators in both non-differentiable and differentiable
cases of the objective functions. Even we showed the asymptotic normality of M-estimator
with non-differentiable objective function under some regular conditions, the asymptotic vari-
ance matrix of the estimator is not explicitly obtained. For this reason, we give the asymptotic
variance matrix of the estimator under the differentiable conditions. The objective function
is considered to be convex, so the corresponding M-estimator includes LAD estimators (see
Niemiro (1992)). We also extend the result to M, estimator since the class is much richer.
The class includes Oja’s median and even Hodges-Lehmann’s estimators of location (see Bose
(1998)). The proof is similar to the method for U statistics in depend case, which is in order
examined by Hoeffding (1948), Sen (1972), Yoshihara (1976) and Denker and Keller (1983).

The paper is organized as follows. In section 2, we review the sufficient conditions for
asymptotic normality of M-estimators. Without the condition of differentiability for the con-
vex objective function, we derive asymptotic normality of M-estimators in time series settings
under the new class of conditions. Also, the asymptotic result is given in the detailed way if
the objective function is differentiable in Section 4. In section 5, we extend the result to M,
estimators. Section 6 contains two important cases of the inference in time series analysis as
examples of the main result.

2. Asymptotic Normality of M-estimators. First we revisit the work of Niemiro
(1992) and Hodges and Lehmann (1963) in this section.
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Suppose €, €1, ..., €, are i.i.d. random variables. Let p(0, €) be a real function defined for
6 € R™ and g(0, €) be a subgradient of p(0,€). Define
(2.1) Q(6) = Ep(6,¢).

The empirical analog of Q(0) is defined by
(22) Qul0) = 2 3 pl6.c)
. n 0 — p\Y, € ).

Denote the corresponding score function &, (6). Usually, &, () is considered as V@, (6), where
V is an operation which means the differentiation with respect to 8. Set the ith element 6,,;
of minimizer 6,, satisfying

(2.3) Oni = ab; 4+ (1 — )0
for any 0 < a < 1, where

0y, = sup{r:&(r) >0},
0y = inf{r: &:(r) <O0}.

AssumMPTION 2.1 (Niemiro (1992)).

(i) p(8,¢) is convex with respect to 6 for each fixed e.

(ii) Q(0) is well defined, that is, the expectation exists and is finite for all 6.
(iii) 0 satisfying Q(6°) = mingy Q(0) exists and is unique.

(iv) E|g(8,€)|? < oo for each 6 in a neighborhood of 6°.

(v) Q(0) is twice differentiable at #° and V2Q(6°) is positive definite.

AssuMPTION 2.2 (Hodges and Lehmann (1963), Inagaki and Kondo (1980)).

(i) &€.(0) is a non-decreasing function of every element of 6.
(ii) For any vector valued wu,

V(€a(0° +u/vn) = .(6°) D> H'u,

where H is a positive definite matrix.

(i) /€ (6°) £ N(0, V).

LEMMA 2.3.  Under each of Assumption 2.1 or Assumption 2.2, Then
(2.4) V(b —6°) 5 N0, H'VHY),
where H = V2Q(6°) and V = Var g(6).

PROPOSITION 2.4. If p(0,€) is differentiable with respect to 0 in a neighborhood of 8°, then
Assumption 2.1 implies Assumption 2.2.
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PROOF. From Assumption 2.1.(i) and (ii), we see &,(f) is a non-decreasing function of
every element of . Next, according to Niemiro’s proof, we see for each # in a neighborhood
of 69,

/

(2.5) Qn(6+ %) — Qu(6) - %VQn(H) = Q(%, 0) 2 0.

Differentiate the equation with respect to # above and substitute 6 = 6°,

o, ¥ 0 _l/ 2 oy P
En(0 +\/ﬁ) &n(6") \/ﬁv Qn(0°) = 0.

From Assumption 2.1.(v),
V2Q,(0°) 2 v2Q(0°),
and by Theorem 4.1 of Billingsley (1968), we obtain the desirable result:
V(€ (00 +u/vn) — £.(6) > V2Q(6°) u.
Under Assumption 2.1.(iv), we have the last result,
Viia(%) 5 N0, V).
O

REMARK 2.5. We mainly show the result by (2.5) in the subsequent section. It is sufficient
for the asymptotics. (See Niemiro (1992).)

3. Estimation of Parameters in Linear Time Series Models. For time series model,
we consider p(6; Y 2, et(n)), which sometimes is written as p(€) for short. In this section, we
only assume p(#) is convex with respect to each parameter. Generally, consider § = (61,7) in

a compact set © C R™, where n = (6s,...,0,,). For simplicity, we write
(3.1) Q(O) = Ep(6;"*, er(1))-
The true value of @, represented by 69 is defined by
(3.2) Q(6°) = min Q(6).
0O

The sample version corresponding to the objective function is

(3.3) Qul0) = =37 p(07 2, es()),

n
t=1

~

4 = in Qn(6).
(3.4) b = arg min Qn(0)
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ASSUMPTION 3.1.

(i) p(@) is convex with respect to 6.
(ii) Q(0) is well defined.
(iii) 6 satisfying (3.1) exists and is unique.

Since p(#) is a convex function, there exists a subgradient of p(#), which is denoted by g(6)
satisfying

(3.5) pla) + (B —a)gla) < p(B)

hold for all «, 8 € RY. Without loss of generality, we consider the case §° = 0 and Q(0) = 0.
Then

(3.6) a'g(0) < p(a) — p(0) < o'g(a),
0 < p(a) = p(0) — a/g(0) < o' (g(e) — 9(0)).

For a = (a1, a2), we use the following symbols for the simplicity of the notation:
aq a9
L) = o)+ 2 2

~1/2 ¢, (n0 ’
7 \/ﬁ> set(n +\/ﬁ))
p(0)e = p((89)71/2,e(n”)) = p((89)7 12, ¢).

g(+)¢ is also defined in the same way. At neighborhood of §°, we have for each t,

(3.8) 0< p(-%), — p(0); - jﬁ

(g(—=)t — g(0)¢).

B
Si®

9(0): <

ASSUMPTION 3.2.

(i) For all diagonal elements (i,1),

(%

> Ela( 20 = O o) = 90D <

(i) Q(0) is twice differentiable at ° and V2Q(6°) is positive definite.
REMARK 3.3. Assumption 3.2.(i) is a condition to control the correlation of the score.

THEOREM 3.4. Let 6, be defined in (3.4) under Assumptions 3.1 and 3.2. Then we obtain

(1) 0., converges to the true value 8° in probability as n — oo.
(ii) v/n(0,—0°) have a joint asymptotic normal distribution whose mean is 0 and the asymp-
totic covariance matriz is give by H-'VH™!, where

H = Vv?Q(6")
V = Var g(8°).
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PROOF. First, we show (2.5) holds in this case. For fixed «, define Y;;; as

Yot P(%)t —p(0): — %Q(O)t
Then /
BYp = ZYm - Zp = 0 = (0
For simplicity, let ,
G = = (9(=)e = 9(0))
Thus, we have
Var Z Y, < E(Z Ynt)2
n—1
< nEGE +2) (n—k)EGmGrnii—k
k=1
< E{d(g (7)1 —9(0)1)}?
n—1
23 B gl — 60 o 1o — 4O

k=1

The first term in the right hand side can be approximated by
«

Vn

and the second term can be approximated by

(3.9 B/ (9(- )1 — g0} = - BV g(0)10)° + o),

(3.10)

1
E(a'Vg(0)1Vg(0), 1) + o(—3)-
k=1

These two terms in turn converge to 0 as n — co. Therefore, we have
1 & P
=Y Y — EYy — 0.
n

Asymptotic normality of n=1/23" g(8°); follows from the classic central limit theorem under
the Assumption 3.2.(ii). O

REMARK 3.5. Note that Y,,; is not independent, which is different from Niemiro (1992).
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4. Differentiable Objective Functions. When the objective function satisfy the dif-
ferentiable conditions, the result can be further shown easily and concretely by the martingale
difference central limit theorem. In this section, we use Hodges-Lehmann’s criteria to show

the central limit theorem for 6,,. Consider p(6; Y 2, ei(n)) = p(z,y). For simplicity of notation,

we write p(6); = p(€f1/2, et(n)) where 0 = (01,n7) € © C R™: compact if it is not necessary to
think #; and 7 in a separate way. Here 6; is a scale parameter and n = (0a,...,0,,).
The objective function is denoted by

(4.1) Q(8) = Bp(6; "%, ei(n))-
The true value of 6, represented by 6° is defined by

(4.2) Q(6°) = min Q).

On account of the simplicity of notation, we use o and 7° for the true value of #; and 7
separately. The sample version corresponding to the objective function is

(4.3) Quib) = 3" pl6 % (),
t=1

and

(4.4) 0, = arg min Qn (6).

Let ps, py be the partial derivative of p(z,y) w.r.t = and y, 7; be the o-field generated by

the set of random variables {X,; n < t}. As seen in the definition of p(9;1/2,et(n)), it is
Fi-measurable. Also, by (1.5), we can see that a%et(n) is F;_1-measurable.

ASSUMPTION 4.1.

(1) Let p(f) be a measurable convex function with respect to 6 from R x R™~! to R.
ii) Q@) is well defined.
(111) 6° satisfying (4.2) exists and is unique.
) Epz(0°) =0 and Ep,(6°) = 0.
2 2
) Bp(0°)* < 00, Epy(0°)* < 00, E(gimmet(n)lo=o,) (g et(n)lo=s,) and

B(Zeatn) entn)) (L) oenl) exist.

(vi) Define p(6%); = py(ﬁo)t(%et(n)’e_eo. To show central limit theorem for the martingale

E
E

difference sequence {5(6°), F;}, we suppose the Lindeberg condition, by Euclidean norm
| - || and indicator function 1(-),

(15) LS BP0} > €)= 0,
t=1

(16) =3 B0 00| F) D 8,
t=1

where

S = Ep(6°):p(00);-
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REMARK 4.2.  As a result of Assumption 4.1.(i), p.(f) and py(#) are also functions from
R x R™! to R.

REMARK 4.3. In the L? theory, set p: R x R™" 1= R as
(4.7) p(z,y) = (zy)* - 2loga.

In this case, §; = o2, that is 7%/2 = o¢~!. We obtain the same result from the following
asymptotics as that for the Whittle estimator in the second-order stationary case in the
frequency domain.

REMARK 4.4. 6 can be a parameter for different scales. As an example, let 6; be defined
as follows:

(1.9 ply) = () — s,

Then it is easy to see that 67 is EeF. Note that in most case in time series analysis, Ee; is
assumed to be 0 or the symmetricity of ¢; is assumed. As an alternative, 61 can be defined by

(1.9 ply) = (alyl)F — b,

then 69 is Ele|*.

REMARK 4.5. Since the random structure of p;(#) is the same as p(6), it is sufficient to
only suppose p(0") < co.

From the definition,

(4.10) (6) = 3 (507" pa(6). py 0) 5 )
t=1

THEOREM 4.6. Let 6, be defined in (4.4) under Assumption 4.1. Then we obtain

(i) 0., converges to the true value 689 in probability as n — oo.
(ii) v/n(0,—0°) have a joint asymptotic normal distribution whose mean is 0 and the asymp-
totic covariance matriz is give by H-'VH™', where

- (%ngpm(@O) 0 )
- 0yp 2 0 ’
0 Epyy(0°) B e () rectn)|
(Epgc(HO)2 0
Vo= 0\2 0 2 :
0 Ep (0" Egengam)| .
In the case of Gaussian process with (4.7), the covariance matriz is
V =2D"1,

where r g 9
Dy = @) { [ 5108 1) 35 g 1 )|

and f(\) is the spectral density of the model.

0=0’
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Proor. We will show Assumption 4.1 satisfies Assumption 2.2

(i) If p is convex, then its derivative g is a non-decreasing function in each argument
(ii) Stochastic expansion of &, () yields

V(& (00 + u/v/n) = £.(6%)) ngn (60°)'u + 0p(n>?).
The (1,1)-element of V&, () is

1 1 _ 3 _
v&n(eo)ll EZ(_ia 3/2pmc(90)t+10' 5/2px(00)t)'

Since Ep,(0°) = 0 and p,(0") is Fi-measurable, {p,(0")}; is i.i.d. sequence with mean 0
and finite variance. Thus

1
Ve (01 > —507 2 Epua(6°),

since

3 20—5/2%(00),5 2.0,
t=1

Similarly, we have (i, j)-element of V&, (0) (i > 2,5 > 2)

0
an 90 Zpyy a_ )8 ’ t ’9 00 *Zﬂy 87787]’ tm)’e:eo'

The last term in the right hand side of the equation above forms a martingale since
2
bp = 1 implies that ge (n) and %et(n) is F;_1-measurable. Noting that

2
- 0
8nan/et( ) 0=0, E(Epy(9 )

0? 0
B t<’7>’e:90E”y(9 )=

82

E 0 —
pu(0%) et Ol

Fi-1)

under Assumption 4.1.(v), we obtain

P 0 0
V&0 — Epyy(HO)Ea—net(n)a—Tﬂet(n)

‘9:90

by Chebyshev’s inequality to show the last term converges to 0 in probability
(iii) Consider

0

NAC, 71/22 *S/pr (6°), py(ﬁo)an,et(n)‘

)

=60
As seen in (ii), {£,(6°),F,} is a martingale with respect to JF,. Under Assumption
4.1.(vi), we have

Viga (%) £ N (0, V),
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pr(QO)Q 0
V =
0 BB L) ),

As a result, the asymptotic normality for 6 is shown and the asymptotic variance is given
by H-'VH™.

where

O]

5. Asymptotics of M, estimators.

In this section, we give conditions for asymptotic
normality of M, estimators. Let

(5.1) Q) = Ep(6y"” ex(0), - em(n)).
The sample analog of @,,(#) is defined as

~1
(5.2 o) = (1) X el

1<i) <-<im<n
and

(5.3) 0, = arg Iglélél Qn(0).

ASSUMPTION 5.1.

(i) p(0) is convex with respect to € for each e;.
(ii) Q(0) is well defined.

)
(iii) 6° satisfying (3.2) exists and is unique.
(iv) For all diagonal elements (i,1),

El(g(—=)1 — 9(0)1)i(g(—=)k — 9(0)1): .
> Bl )~ SOn Mol e~ O] <
(v) Q() is twice differentiable at #° and V2Q(#") is positive definite.

THEOREM 5.2. Let 0, be defined in (5.3) under Assumption 5.1. Then we obtain

(i) 0, converges to the true value 6° in probability as n — oco.

(i) v/n(6,—6°) have a joint asymptotic normal distribution whose mean is 0 and the asymp-
totic covariance matriz is give by m*H 'V H™1, where

H v2Q(6°)
V = Var g(6°).

PROOF. Let J denote the set of all m element subsets of {1,...,n}. Forany j = {i1,...,im} €

J, let Y; be the random vector (e;,,...,e;,, ). Accordingly, the notation p(f)t and p(0); are
changed in the following way: for a = (aq, a2),

. X
p(\/ﬁ)] \/ﬁ
p(0); = p((6) "2 Y;(n")).

p((0) + —=)"12Y;(° + —%)),

NG



ASYMPTOTICS FOR M-ESTIMATORS IN TIME SERIES 65

For any fixed a and j, define

«a o

Znj = P(%)j —p(0); — %g(o)j-

Note that £Z,,; = Q(%) For the same reason, we have

Var Z Znj g 0.

Since Var(n() - > Zn;) <m2Vary Zy;,

-1
n P
’I’L<m> E an — nEZn] — 0.

Thus the result of Theorem 5.2 depends on the asymptotics of \/ﬁ(:;)_l >-9(0);. Regard

g(0); as a kernel of U-statistics, we define the degenerate kernel of g(0) by

C

gler,. .z =Y <i>(—1)c_r/---/mTg(HO,ajl,...,xm) ﬁ dF (z;).

r=0 i=r+1

Suppose U, is generated by ¢g(0) and U is generated by g, we have by Hoeffding’s projection
that

c=1

where R, P, 0. The conclusion is completed by the asymptotic normality of n=/2 37 g(0);.
]

6. Examples. Suppose the second order stationary process {X;} is generated by the
model

(6.1) Xt — BoXt—1 = e,

where ¢ ~i.i.d. (0,02). For the estimation of fy, take
=1
(6.2) bj(n) = { .

6.1. Asymptotics of L? theory in AR(1) case. From Remark 4.3, the objective function in
L? theory is given by

(6.3) Qn(0) =logh; + %Z 07 (X — BXy—1)? + 0p(1).
t=2
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Note that the objective function is asymptotically equivalent to Whittle estimator. Also, the
estimator is a modification of least square estimation since the scale parameter is estimated
simultaneously. With

2¢2 2e
2(0°) = — —2 0°) =5
p ( ) o Ua py( ) 0_27
2
pxm(eo) = 202 + 2627 pyy(eo) = "9
o
by Theorem 4.6 we obtain
2071 0 >
6.4 H = 4,
(o4 (% a0
(407 (g — o?) 0
where 4 is the fourth moment of ¢;. As a result,
(6.6) V(0 —0) 5 N(0, diag(ps — o, 1 — 52)).

In the Gaussian case, iy — 0% = 20%.

6.2. Asymptotics of L' theory in AR(1) case (new aspects). One parameterization for L'
case is given in Remark 4.4. In this subsection, we are interested in another parameterization
with convex objective function defined by Koenker and Bassett (1978)’s check function p” (u).
That is,

(6.7) p"(u) = u(r — 1(u < 0)),
where 1(+) is the indicator function. Suppose p(z,y) is defined by
(6.8) p(z,y) = p (zy) + 2!

Then the true parameters are given by
1
(6.9) 00 = SElel, b(n") = Bod(j, 1) for j > 1,

from the result that Ee;1(e; > 0) = $Ele| and EX;_11(e(n) < 0) # 0 if bj(n) # Bo. Interest-
ingly, the true parameters do not depend on 7 even 7 is included in the check function. To
generalize the result, suppose more that

(6.10) k= P(e <0),
where k is different from 7 in the check function. Then we obtain

ps(0°) = e(r — 1(e < 0)) — Y, pea(6°) = 2(61)°7,
py(0°) = 09(1 — 1(e < 0)), pyy(6°) = d(e),
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where §(-) is the Dirac delta function. In conclusion, the asymptotic variance of the M-
estimator defined by p™(u) is given by
%(9?)_3(7202 + (1 =27)a) 0 )
2_ _ 9
0 TR F(0) 72 (1~ 63)

where a = Fe?1(e < 0). As a special case x = 7, the variance of the coefficient parameter is
given by

(6.11) H'WH = (

T(1—71)

(6.12) (072 (1 - 57).

g
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