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Consider that we have N samples (Xi,..., Xn).
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3. DEFINITIONS
3.1. ordered statistics.
Xnay < < Xnvvy,
which makes a seq in the increasing order is an asymptotic case. If the asymptotic property
is not considered, then we may write as follows in the same meaning:

X0 << x®),

3.2. rank. R will stand for the vector of ranks (Ri,...,Ry). 7 and (r1,...,ry) will be
the realization of R, respectively. in the asymptotic case we use

Ryi.
It is the position number of the i-th sample in N samples. The property is
Xi=Xn (Rni)-

notel. If X; is tied with some other observations, then we can not define the rank uniquely.
In this case, we have two ways to solve this problem as follows:

et X; = X4 lor all 2, where X; have the same value, and 7 1s the average of a
1) Let X X(j)f 1l 7, where X; h h 1 d j is th f all
ranks that the sample takes;

N
(2) Let Ryni = 3252 Lix;<x,}- (uprank)
However, we will assume the distribution from which the sample is is continuous. It means
that the case will be a null set.

note2. the pair (X @), R) is a sufficient statistic for any system of distributions determined
by densities.
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2 GEN RYU
3.3. linear rank statistic. N
> an(i, Ryi)
i=1

for a given (N x N) matrix (an(é,7)). This is the sum of the elements of the matrix
Example 1. Let X = (2,3,1). Then

(1, Ry1) = (1,2)
(2, Rn2) = (2,3)
(3,Rn3) = (3,1).

Thus, the position of the matriz can be shown as

ain a2 O
O azz Aa23
az; O as3

3.4. simple linear rank statistics.

N
E CNiGN,Ry;}
i=1

This is a form of the sum of the elements of the matrix multiplied by some coefficients.
3.5. coefficients.

(cN1y -+ CNN);
3.6. scores.

(aNl, e ,aNN).
3.7. i-th smallest coordinate. [not AS]

0;i(x),

and obviously z(?) = o;(x).

3.8. the system where the distribution of (Xi,..., Xy) is symmetric and deter-
mined by a density.

P(Tryy -y Try) =p(x1,...,2N), TER,
if and only if p € H,.

3.9. the system where the observation is iid.
N

p=]] f(=),

i=1
where f(x) may be an arbitrary one-dimensional density if and only if p € Hp. note.
Hy C H..
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3.10. incomplete Beta function ratio I,(a,b).

Ftemt (1 — )b tat
Jo ( ) 0<z<l:a,b>0.

F(z) = I,(a,b) =

B(a,b) ’
The mean of Beta distribution is aLer’ the mode is ai;i27 the variance is m, the
. c . . b ., 2(b—a)Va+b+1
coefficient of variation is , /*a(a ThET) and the skewness is “latbr2)Vab

4. LEMMAS
Lemma 4.1. If X is governed by the density q, then X is governed by the density

gz, ..z & Zq(x(”), ozt 20 e x 0
reR

Moreover,
q(z(m), ... zrv))
gz . x(N)) 7

holds with @Q being the probability distribution corresponding to q.

QR =r|X0) =20)) = reR,z0) e X0,

Proof. For any A € A, it holds that

// q(z1,...,xN)dey. . dey = Z// q(z1,...,xN)dzy ... dey
XOeA XOeA,R=r

reR

_ Z/.../q(xm),...,x(w)dx(l)...deV)
A

reR
Note that the Jacobian is 1 in this case. O

note. ¢ do not have to be equal to each other. See the example following.

Example 2. Let Q = (1,2,3) and the probability on it is defined as

11 1)

474727

After taking one sample from Q, we will have the sample set like one of the following three
cases:

(p1,p2,p3) = (

1 2

O = (1,3), (p1,p3) = (§’ g);
= (2,3), (p2,p3) = (%, g);
Q' =(1,2), (p1,p2) = (1 1)-

272
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Then the probability for (x(l),af(2)) will be %, and the probability for (a?(2),a;(1)) will be %

Furthermore,
q(1,2) = é;
7(2,3) = %;
0.3 = .

This example is a special case, and what we will think next is the property on the system

3.8 and 3.9.

Lemma 4.2. Let X1,..., Xy be a random sample from a continuous distribution function
F with density f. Then

(1) the vectors Xy () and Ry are independent;

(2) the vector Xy has density N! 1Y, f(x:) on the set x1 < --- < xy;

(3) the variable X ;) has density N(Jjjll)F(@i_l(1—F(:E))N_if(m); for F' the uniform
distribution on [0, 1], it has mean i/(N +1) and variance i(N —i+1)/((N+1)2(N +
2));

(4) the vector Ry is uniformly distributed on the set of all N! permutations of 1,2,..., N;
(5) for any statistic T and permutation r = (r1,...,rn) of 1,2,..., N,

E(T(X1,..., XN)| By =7) = ET(XN(r1)s- - - XN(m)):

(6) for any simple linear rank statistic T = YN | exian Ry, »

N N
ET = Neyay; Varl = ]\71—1;(01\” —EN)2 ;(CLNZ' —ZLN)Q.

Proof.

(1) It is obvious from Lemma 1.

(2) The same as the above.

(3)

(4)

(5) Just change the rotation of the random variables, then we can see it by the virtue

of the independence between Xy () and Ry.
O

note. Even we suppose the density is identical, (1), (2), (5) of the lemma hold even in the
case of 3.8.

Corollary 4.3. As the same condition, the variable X ;) has density

; ; N! P N—i
Fney(x) = Ip@a) (i, N —i+1) = (i—l)!(N—i)!/o w1 — w)N T du.
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5. A NECESSARY CONDITION FOR RANK STATISTICS ASYMPTOTICALLY NORMAL

The scores are generated through a given function ¢ : [0,1] — R in one of two ways.
Either

(5.1) ani = E¢(Un)),
where Un(1),...,Un(n) are the order statistics of a sample of size N from the uniform
distribution on [0, 1]; or
i
(5.2) an; = &( )-

N +1
For well-behaved functions ¢, these two definitions are closely related and almost iden-

tical, since EUn () = w47

note. Scores of the first type correspond to the locally most powerful rank tests; scores of
the second type are attractive in view of their simplicity.

6. PROPERTY OF RANK STATISTICS

Theorem 6.1. Let Ry be the rank vector of an i.i.d. sample X1,..., Xn from the contin-
uous distribution function F. Let the scores an be generated according to (?7?) for a mea-
surable function ¢ that is not constant almost everywhere, and satisfies fol ¢?(u) du < o0o.
Define the variables

N N
Ty = eniangy, In=Neénay+ Y (eni —en)o(F(X))).
i-1 i=1

Then the sequences T and T are asymptotically equivalent in the sense that

[ ]
ETy = ETy
. ~
AV _
ar(TN TN) =0
VarTly

The same is true if the scores are generated according to (??) for a function ¢ that is
continuous and almost everywhere, is nonconstant, and satisfies

1 & i 1
NZ¢2(N+1)—>/O $*(u) du < oco.
i=1

Theorem 6.2 (Lindeberg-Feller central limit theorem). For each n let Y, 1,..., Y, k, be
independent random vectors with finite variances such that

S B[Vl P1{|[Yni > €|} = 0, for every € > 0,
Zfﬁl Covy,; — X.
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Then
kn p
> (Yni— EYni) = N(0,%).
i=1
Note that
(6.1) MaX1<i<N(eni—en)? _, o

S (eni — en)?

Corollary 6.3. If the vector of coefficients cy satisfies (?7), and the scores are generated
according to (??) for a measurable, nonconstant, square-integrable function ¢, then the
sequence of standardized rank statistics

(Tv — ETN) 4
e — N(0,1).

The same is true if the scores are generated by (??) for a function ¢ that is continuous
almost everywhere, is nonconstant, and satisfies

1 = 2 i ! 2
— du.
v )~ | Pa

7. SIGNED RANK STATISTICS

Lemma 7.1. Let Xq,...,XN be a random sample from a continuous distribution that is
symmetric about 0. Then
(1) the vectors (|X|, RY) and signy(X) are independent;
(2) the vector RY; is uniformly distributed over {1,...,N};
(3) the vector signy (X) is uniformly distributed over {—1,1};
(4)

4) for any signed rank statistic, Var Zfil ay R;‘Sign(Xi) = Ef\il as;-

Theorem 7.2. Let Xq,..., Xy be a random sample from a continuous distribution that
is symmetric about 0. Let the scores an be generated according to (??) for a measurable

function ¢ such that fol ®*(u) du < co. For F7T the distribution function of | X1|, define

N

N
Tn =Y ay gy sign(X), T =Y o(FF(1Xi]))sign(X,).
i=1 =1

Then the sequences Ty and T are asymptotically equivalent in the sense that %Var(TN —
Txn) — 0. Consequently, the sequence

N=Y21y i>./\/(0,/1 ¢*(u) du).
0
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The same is true if the scores are generated according to (7?) for a function ¢ that is
continuous almost everywhere and satisfies

1 4 2 i ! 2
— d
N2 o) = | P

8. RANK STATISTICS UNDER ALTERNATIVES

8.1. smooth score-generating functions. Let Fx be the average of F,..., Fy and let
Fﬁ, be the weighted sum N1 Zfil cniF;, and define

N N
Ry;

TN:ZCNi¢(N+1)a In=) [CNid)(FN / ¢'(Fy(x)) dFy(2)] -

i=1 i=1

Here, the variables T are the Héjek projections of approximations to the variables Ty,
up to centering at mean 0. (000000000000 0O0OO projection0000000O0O
O000000o0oo0ooooooooon)

Lemma 8.1. If ¢ : [0,1] — R is twice continuously differentiable, then there exists a
universal constant K such that

2

Var(Ty — Ty) < K Z eni — en) (11|13 + 116”112)-

note. As a consequence of the lemma, the sequences

Tn — ETy Tn — ETy
—_——— and —
sdTn sdT'y

have the same limiting distribution (if any) if

S (eni — en)?

= — 0.
NVarTy

Lemma 8.2 (Variance Inequality). For nondecreasing coefficients an1 < --- < ayn and
arbitrary scores cN1,...,CNN,

N N

Var CNi@ <21 max (cny; — € an; —an)>.
Z; NiQN,Ry; < 1<Z<N( Ni —CN)? Z;( Ni — aN)
K3 K2

Theorem 8.3 (Rank central limit theorem). Let T = ) cnian,ry, be the simple linear
rank statistic with coefficients and scores such that

ax lan; — an|
1<i<N Zz 1(61,]\[Z ELN)Q

max leni — en| — 0.

1SISN Y (eni — en)?

— 0;
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Let the rank vector Ry be uniformly distributed on the set of all N! permutations of { 1,
2, ..., N}. Then the sequence

Tn —ETN 4
T —a— 1
SdTN _>N(07 )7

if and only if, for every e > 0,

=~ 12 = |12
lan; — an||eni — en| 0
Sy sl o,
.. _ _ N>~YN
(4,5):VNlan;—an||cni—en|>eANCN

where N
A3 = Z(aNi — @N)z, C]2V = Z(CNZ‘ — EN)2.
=1 =1

9. MAIN IDEAS

(1) Rank test is used to test hypotheses.

(2) Generally, the null hypothesis is to assume the r.v. is iid.
(3) The virtue of using rank test is that it is distribution free.
(4) Rank test is a special example of permutation test.



