
RANDOM FIELDS

YAN LIU

1. Reference

Tran (1990) JMA.
Hallin, Lu and Tran (2004) AS.

2. notations

2.1. Random Fields.

1. ZN the N-dimensional integer lattice
2. In = {i : i ∈ ZN , 1 ≤ ik ≤ nk, k = 1, . . . , N} a rectangular region on ZN , i a site
3. Xj ∈ Rd, where j ∈ In a random field indexed by ZN

4. f(x) the density function of Xn

5. n̂ = n1 · · ·nN size of random fields

6. d̂(S, S′) := min{∥i− i′∥; i ∈ S, i′ ∈ S′} the Euclidean distance between S and S′

7. f̂ : N2 → R+ a symmetric function nondecreasing in each variable

2.2. Kernel Density Estimator.

(i) the kernel density estimator

fn(x) = (n̂bdn)
−1

nk∑
jk=1

k=1,...,N

K
(x−Xj

bn

)

(ii) Let

σ2 = f(x)

∫
Rd

K2(u)du.

2.3. Fundamental Conditions.

(a1) Nonisotropic divergence (n → ∞)

n → ∞ if min{nk} → ∞.
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(a2) Isotropic divergence (n ⇒ ∞)∣∣∣nj

nk

∣∣∣ ≤ C for some 0 < C < ∞, 1 ≤ j, k ≤ N.

3. Asymptotic normality of fn(x)

3.1. Assumptions.

(A1) {Xj ∈ Rd; i ∈ ZN} is strictly stationary.
(A2) The joint probability density fi,j(x, y) of Xi and Xj exists and satisfies |fi,j(x, y)−

f(x)f(y)| ≤ C for some constant C and for all x, y and i, j.

(B1) |K(x)| is uniformly bounded by a constant K̃.
(B2) Assume K has an integrable radial majorant, that is, Q(x) ≡ sup{K(y) : ∥y∥ > ∥x∥}

is integrable.
(B3) (B3-1) ∫

Rd

|K(x)|dx < ∞.

(B3-2) (1) ∫
Rd

∥x∥|K(x)|dx < ∞.

(2) Suppose K is a probability density function on Rd and for any x, y ∈ Rd

and some constant ρ > 0

|f(x)− f(y)| ≤ ρ∥x− y∥.

(C1) There exists a function φ(t) ↓ 0 as t → ∞, such that whenever S, S′ ⊂ ZN ,

α(B(S),B(S′)) = sup{|P (AB)− P (A)P (B)|, A ∈ B(S),B ∈ B(S′)}
≤ f̂(Card(S),Card(S′))φ(d̂(S, S′)).

(C2) (C2-1)

f̂(n,m) ≤ min{m,n}.

(C2-2) for some k̃ > 1 and some C > 0,

f̂(n,m) ≤ C(n+m+ 1)k̃.

Remark 3.1. If f̃ ≡ 1, then {Xn} is called strongly mixing.

Remark 3.2. (A4) is an assumption to control the fastness of convergence of Efn(x) to
f(x).
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3.2. Asymptotic normality of fn(x).

Theorem 3.3 (Tran (1990), Theorem 3.1). Let (a2) hold with (C1) and (C2-1) with

φ(x) = O(x−µ)

for some µ > 2N . Let 0 < γ < (µ −N)µ−1. If Assumptions (A1), (A2), (B1), (B2) and
(B3-1) hold and there exists a sequence of positive integers q = qn → ∞ such that

q = o((n̂b
d(1+(1−γ)2N)
n )1/(2N)),

n̂q−µ → 0,

b
−d(1−γ)
n qN−µ(1−γ) → 0,

then

(n̂bdn)
1/2

(fn(x)− Efn(x)

σ

)
has a standard normal distribution as n → ∞.

Theorem 3.4 (Tran (1990), Theorem 3.2). Let (a2) hold with (C1) and (C2-1) with

φ(x) = O(e−ξx)

for some ξ > 0. Let 0 < γ < 1. If Assumptions (A1), (A2), (B1), (B2) and (B3-1) hold
and

(n̂b
d(1+(1−γ)2N)
n )1/(2N)(log n̂)−1 → ∞,

then

(n̂bdn)
1/2

(fn(x)− Efn(x)

σ

)
has a standard normal distribution as n → ∞.

Theorem 3.5 (Tran (1990), Theorem 3.3). Let (a2) hold with (C1) and (C2-1) with
conditions on φ(x) as in Theorem 3.3 and 3.4. If Assumptions (A1), (A2), (B1), (B2)
and (B3-2) hold with

n̂bd+2
n → 0,

then

(n̂bdn)
1/2

(fn(x)− Efn(x)

σ

)
has a standard normal distribution as n → ∞.

Theorem 3.6 (Tran (1990), Theorem 4.1). Let (a2) hold with (C1) and (C2-2) with

φ(x) = O(x−µ)

for some µ > 2N . Let 0 < γ < (µ −N)µ−1. If Assumptions (A1), (A2), (B1), (B2) and
(B3-1) hold and there exists a sequence of positive integers q = qn → ∞ such that

q = o((n̂b
d(1+(1−γ)2N)
n )1/(2N)),

n̂(n̂bdn)
(k̃−1)/2q−µ → 0,

b
−d(1−γ)
n qN−µ(1−γ) → 0,



4 YAN LIU

then

(n̂bdn)
1/2

(fn(x)− Efn(x)

σ

)
has a standard normal distribution as n → ∞.

4. local linear spatial regression

4.1. Notations.

1. g : x 7→ g(x) := E[Yi|Xi = x ] the spatial regression function g : Rd → R.

4.2. A weighted least square estimator.

(1) A weighted least square estimator(
gn(x)
g′n(x)

)
= arg min

(a0,a1)∈Rd+1

nk∑
jk=1

k=1,...,N

(Yj − a0 − aT
1 (Xj − x))2K

(Xj − x

bn

)

(2) Let

U = f(x)

( ∫
Rd K(u)du

∫
Rd u

TK(u)du∫
Rd uK(u)du

∫
Rd uu

TK(u)du

)
,

Σ = Var(Yj |Xj = x)f(x)

( ∫
Rd K

2(u)du
∫
Rd u

TK2(u)du∫
Rd uK

2(u)du
∫
Rd uu

TK2(u)du

)
.

For

gij(x) =
∂2g(x)

∂xi∂xj
, i, j = 1, . . . , d,

u = (u1, · · · , ud)T ,

B0(x) =
1

2
f(x)

d∑
i=1

d∑
j=1

gij(x)

∫
uiujK(u)du,

B1(x) =
1

2
f(x)

d∑
i=1

d∑
j=1

gij(x)

∫
uiujuK(u)du.

(3) Further, define

Bg(x) =
1

2

d∑
i=1

d∑
j=1

gii(x)

∫
u2iK(u)du,

σ2
0(x) = Var(Yj |Xj = x)(f(x))−1

∫
Rd

K2(u)du,

σ2
1(x) = Var(Yj |Xj = x)(f(x))−1

(∫
Rd

uuTK(u)du
)−1(

uuTK2(u)du
)(∫

Rd

uuTK(u)du
)−1

.
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4.3. Modified Kernel. For any c := (c0, c
T
1 )

T ∈ Rd+1, define

Kc(u) := (c0 + cT1 u)K(u).

4.4. Assumptions.

(A1) Replace Xj ∈ Rd by (Yj , Xj) ∈ Rd+1 in (A1).
(A2) (A2)
(A3) Yi has finite absolute moment of order 2 + δ, that is, E|Yi|2+δ < ∞ for some δ > 0.
(A4) g is twice differentiable and g′′ is continuous at all x.
(A5) (A5-1) (C2-1)

(A5-2) (C2-2)

(B1) Replace K(x) by Kc(x) in (B1).
(B2) Replace K(x) by Kc(x) in (B3-1).
(B3) For any c ∈ Rd+1, Kc(x) has an integrable second-order radial majorant, that is,

QK
c (x) ≡ sup

∥y∥>∥x∥
{∥y∥2Kc(y)}

4.5. Asymptotic normality of local linear spatial regression.

Theorem 4.1 (Hallin, Lu and Tran (2004), Theorem 3.1). Let (A5-1) hold with

φ(x) = O(x−µ)

for some µ > 2(3 + δ)N/δ. Let (4 + δ)N/(2 + δ) < γ < µδ/(2 + δ) − N . If Assumptions
(A1)-(A4) and (B1)-(B3) hold and there exists a sequence of positive integers q = qn → ∞
such that as n ⇒ ∞,

q = o((n̂bdn)
1/(2N)),

n̂q−µ → 0,

qb
δd/(γ(2+δ))
n > 1,

then as n ⇒ ∞

(n̂bdn)
1/2

[(
gn(x)− g(x)

bn(g
′
n(x)− g′(x))

)
−U−1

(
B0(x)
B1(x)

)
b2n

]
L−→ N (0,U−1Σ(U−1)T ).

If the kernel K(·) is a symmetric density function, then

(n̂bdn)
1/2

(
gn(x)− g(x)−Bg(x)b

2
n

bn(g
′
n(x)− g′(x))

)
L−→ N

(
0,

(
σ2
0(x) 0
0 σ2

1(x)

))
.

Remark 4.2. Note that if the order of finite moments δ → 0, then

2(3 + δ)N/δ → 2N.

Theorem 4.3 (Hallin, Lu and Tran (2004), Theorem 3.2). Let (A5-1) hold with

φ(x) = O(e−ξx)
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for some ξ > 0. Let γ > (4 + δ)N/(2 + δ). If Assumptions (A1)-(A4) and (B1)-(B3) hold
and there exists a sequence of positive integers q = qn → ∞ such that as n ⇒ ∞,

(n̂b
d(1+2Nδ/(γ(2+δ)))
n )1/(2N)(log n̂)−1 → ∞,

then as n ⇒ ∞

(n̂bdn)
1/2

[(
gn(x)− g(x)

bn(g
′
n(x)− g′(x))

)
−U−1

(
B0(x)
B1(x)

)
b2n

]
L−→ N (0,U−1Σ(U−1)T ).

If the kernel K(·) is a symmetric density function, then

(n̂bdn)
1/2

(
gn(x)− g(x)−Bg(x)b

2
n

bn(g
′
n(x)− g′(x))

)
L−→ N

(
0,

(
σ2
0(x) 0
0 σ2

1(x)

))
.

Theorem 4.4 (Hallin, Lu and Tran (2004), Theorem 3.3). Let (A5-1) hold with

φ(x) = O(x−µ)

for some µ > 2(3+δ)N/δ. Let (4+δ)N/(2+δ) < γ < µδ/(2+δ)−N and bn =
∏N

i=1 bni. If
Assumptions (A1)-(A4) and (B1)-(B3) hold and there exists a sequence of positive integers
q = qn → ∞ such that as

q = o( min
1≤k≤N

(nkb
d
nk
)1/2),

n̂q−µ → 0,

qb
δd/(γ(2+δ))
n > 1,

then as n → ∞

(n̂bdn)
1/2

[(
gn(x)− g(x)

bn(g
′
n(x)− g′(x))

)
−U−1

(
B0(x)
B1(x)

)
b2n

]
L−→ N (0,U−1Σ(U−1)T ).

If the kernel K(·) is a symmetric density function, then

(n̂bdn)
1/2

(
gn(x)− g(x)−Bg(x)b

2
n

bn(g
′
n(x)− g′(x))

)
L−→ N

(
0,

(
σ2
0(x) 0
0 σ2

1(x)

))
.

Theorem 4.5 (Hallin, Lu and Tran (2004), Theorem 3.4). Let (A5-1) hold with

φ(x) = O(e−ξx)

for some ξ > 0. Let γ > (4 + δ)N/(2 + δ) and bn =
∏N

i=1 bni. If Assumptions (A1)-(A4)
and (B1)-(B3) hold and there exists a sequence of positive integers q = qn → ∞ such that

min
1≤k≤N

{(nkb
d
nk
)1/2}bdδ/(γ(2+δ))

n (log n̂)−1 → ∞,

then as n → ∞

(n̂bdn)
1/2

[(
gn(x)− g(x)

bn(g
′
n(x)− g′(x))

)
−U−1

(
B0(x)
B1(x)

)
b2n

]
L−→ N (0,U−1Σ(U−1)T ).
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If the kernel K(·) is a symmetric density function, then

(n̂bdn)
1/2

(
gn(x)− g(x)−Bg(x)b

2
n

bn(g
′
n(x)− g′(x))

)
L−→ N

(
0,

(
σ2
0(x) 0
0 σ2

1(x)

))
.

Theorem 4.6 (Hallin, Lu and Tran (2004), Theorem 3.5). Let (A5-2) hold with

φ(x) = O(x−µ)

for some µ > 2(3 + δ)N/δ. Let (4 + δ)N/(2 + δ) < γ < µδ/(2 + δ) − N . If Assumptions
(A1)-(A4) and (B1)-(B3) hold and there exists a sequence of positive integers q = qn → ∞
such that as n ⇒ ∞,

q = o((n̂bdn)
1/(2N)),

n̂k̃+1q−µ−N → 0,

qb
δd/(γ(2+δ))
n > 1,

then as n ⇒ ∞

(n̂bdn)
1/2

[(
gn(x)− g(x)

bn(g
′
n(x)− g′(x))

)
−U−1

(
B0(x)
B1(x)

)
b2n

]
L−→ N (0,U−1Σ(U−1)T ).

If the kernel K(·) is a symmetric density function, then

(n̂bdn)
1/2

(
gn(x)− g(x)−Bg(x)b

2
n

bn(g
′
n(x)− g′(x))

)
L−→ N

(
0,

(
σ2
0(x) 0
0 σ2

1(x)

))
.

5. words

6. Further Reading

6.1. nonparametric regression.


