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2. NOTATIONS

a pair of random variables

E(Y|X)=0(X)

a nonnegative integer

the collection of k-times continuously differentiable function 6
an open interval containing [0, 1]

p-times continuously differentiable on U
estimator

the Euclidean norm of -

the number of elements in -

a seq of positive constants which tend to 0
={i:1<i<nand|X; —z| <d,}

— H(N ()

a compact subset having a nonempty interior
€ (0, <]

the L? norm

a seq of eventually positive constants

an open interval

an unknown real-valued mean parameter of the distribution
= (al,...,ad)

= al _|_ P + Oéd

the differential operator
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22. T(0) a linear combination with constant coefficients of D0, [a] < k
23. qa real constants for [a] < k

24. Q - Z[a]gk gD

25. m the order of @, m = max([a] : [a] < kand g, # 0)

26. r =(p—m)/(2p+d)

3. CONCEPTS AND DEFINITIONS

3.1. Parameter space. Let 0 < <1 and 0 < Ky < co. For 2 € R? and §(x) € J,
|DY0(z) — D (x0)| < Ko|x — x0|”  for zg,2 € U and [o] = k.

Note that
p=Fk+p

is a measure of the smoothness of the functions in ©.
3.2. Estimators.

3.2.1. response and variable. 0 is the regression function of the response Y on the measur-
able variable X. E(Y|X) = 6(X).

3.2.2. parametric. If én € O for all n > 1, where O is a collection of functions which are
defined in terms of a finite number of unknown parameters.

3.2.3. nonparametric. Otherwise.
3.3. Rate of convergece.
3.3.1. lower rate of convergence. If there is a ¢ > 0 such that
lim inf sup Py(|| Ty, — T(6)||4 > cby) = 1,
nof, 8
where the infimum is over all possible estimator T},.

3.3.2. achievable rate of convergence. If there is a sequence {Tn} of estimators and a ¢y
such that

(3.1)[eq:2.2.1] lim sup Py(||T}, — T(8)||q > cbp) = 0.
LN C)

3.3.3. optimal rate of convergence. If it is both a lower and an achievable rate of conver-
gence.

3.3.4. asymptotically optimal. If {b,} is the optimal rate of convergence and {7},} satisfies
(3.1), the estimators T}, n > 1, is said to be asymptotically optimal.
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3.4. Assumptions.

{asp:2.2.1) Agsumption 3.1. Suppose [(y|z,t) = log h(y|z, t).

(1) As a function of ¢, h is strictly positive and continuously differentiable.
(2) The equation

/%@Mquwzl

can be differentiated with respect to ¢ to yield

/M@Mwamzo
and
[ 1wl ota) = o

(3) There are positive constants ey and K and there is a function M (y|z,t) such that
on the indicated domain

1" (ylz, t + €)| < M(y|z,t) for |ep| < epo
and

[ MGl oyl 60y < Fo

Remark 3.2. The condition is needed to verify that {b,} is a lower convergence sequence
with the assumption that C' have a nonempty interior.

(asp:2.2.3) Assumption 3.3. For some s > 0,

[ e iyl ()
is bounded for x € U and ¢ € J.

Remark 3.4. The condition is required to verify that with compactness of C' certain rates
of convergence are achievable and certain estimators are asymptotically optimal.

(asp:2.2.5) Assumption 3.5. For every A € (0,1/d) and ¢ > 0, there is a ¢ > 0 such that

lim P(#{i : 1 < i <nand|X; —z| < en ™} > ntMfor allz € U) = 1.
n

Remark 3.6. The condition on the asymptotic distribution of X7,..., X,, is required to
guarantee achievability and asymptotic optimality.

If U is a polyhedron (polytope?), this condition is implied by the following one.

(asp:2.2.7) Agsumption 3.7. The random variables Xi,..., X, are the first n terms of an i.i.d.

sequence of random variables each having distribution F', the density of whose absolutely
continuous component is bounded away from 0 on U.
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3.5. Results.

Theorem 3.8. Under Assumptions 3.1, 3.8 and 3.5,

e [f0 < q< oo, then {n~"} is the optimal rate of convergence;
o If ¢ = o0, then {(n"tlogn)"} is the optimal rate of convergence.

Corollary 3.9. Suppose d = 1. The estimators én, n > 1, are said to be asymptotically
optimal if

n—2p/(2p+1) /Ol{én(ﬂﬂ) — 0(z)2dz

is bounded in probability as n — oc.

Proof. Note that ¢ = 2. As the statement of Theorem 3.8, we see that the optimal rate is

n~" where
p—m

2p+d’
Here, m = 0 and d = 1 with L? norm, the optimal rate is
n—2p/(2p+1)

r =

Example 1 (Spiegelman and Sacks (1980)) Let 6, be the kernel estimator.

AEPIRG

./\/'n(x)

e If p=1and &, = n'/3, then 6, is asymptotically optimal.
o If p=2, Aén =n"Y% and f is absolutely continuous and f’ is square integrable on

U, then 0, is asymptotically optimal.

3.5.1. Without any smoothness assumption of f.
° Pn(-; x) the polynomial of degree p — 1 which minimizes
> Y - Pu(Xis2)}?,
N (z)
and then for bounded from zero and infinity f,
O (x) = Py (z;2).

e Or without the assumption of boundedness of f if P, (-; ) minimizes

{Y P (Xi;2)}
Z Wo(Xiyx)

N ()

where W, (+; z) is an appropriate positive weight function.

Remark 3.10. {n~"} is also the optimal rate of convergence if |7}, — T'()||, (as function)
is replaced by |T},(zo) — T'(zo; 6)| (pointwise).
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4. QUESTIONS

Suppose g = 2.
e Let Assumption 3.7 holds. Under which additional conditions on F', is {n™"} an
achievable rate of convergence?
e Let A denote either the collection of functions 6 on R? which are additive

9(1’1, cee ,xd) = 91(%1) + -+ ed(l’d)
or the collection of the form
O(x1,- - ,xq) = Y(frx1 + -+ + Baxq).

Suppose © = ANO and set r; = (p—m)/(2p+1). Is {n""1} an achievable rate of
convergence?

e Suppose that t is the median of the distribution instead of its mean. Is {n™"} still
an achievable rate of convergence?

5. LOCAL LINEAR QUANTILE REGRESSION
a regression quantile as the minimizer of
E{pp(Y —0)|X = 2}
e The check function

pp(2) = P21jp,00)(2) = (1 = P)2L(—c00)(2)-
e Linear fitting

- z—X;
Sng=>_ K( e Dz — X)), 1=1,2
=1

e the wight function

r— X
wjla; h) = K(—- $)[Sn2 = (& = X;)Sn,1]
e the double-kernel quantile estimator g, to solve
1 gp(z) = Y;
== wi(x; h)Q(Er—L
p ijj(x;hl); J( 1) ( ) )
6. NOTATIONS
6.1. nonparametric regression.
1. ICR a possibly infinite interval
2. f(): I =R
3. 02(): I — (0,00)
4. H :R — [0,1] an increasing c.d.f.
5. (Xni, Yni), i =1,...,n observation
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(6) deterministic
Tni = H Yi/(n+1)), i=1,...,n
(7) random
Xpi~iid . H, i=1,...,n
(8) The conditional distribution of Y given X

Yoi = f(zni) + 0(2ni)éni, €~iidN(0,1),i=1,...,n
9. © the parameter space consists of f

6.2. white noise.
(1)oel

2. {B;:t€ I} Brownian motion
(3) the Gaussian process with
dZ™ = pu(t)dt + \t)dB/vn
ay,\"™ = u(t)dt + A(t)dBy/v/n
(4) pe®
D. gg?) the probability density for X with respect any dominating measure &
(6) the disparity L;
L= [I87) - o @)le(a)

Remark 6.1. Under the following additional conditions,

(1) H absolutely continuous with t.
(2) h=dH/dt is h > 0 a.e. on I.

(3) Define
VI = 2% oy
Then,
dv™ = p*(1)dr + \*(7)dB; /v/n,
where

,U’*(T) _ M(H_l(’r)) *2(7_) — AQ(H_l(T))
h(H=(7))’ h(H=(7)) -
As a result, from Remark 2.1 and 2.1.1. and 2.1.3., we can without loss of generality

assume

I1=10,1].
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6.3. statistical equivalence.

1. 20, 2@ two statistical problems
2. 20 2@ two sample spaces
3. {Gg) 10 €O} the respective families of distributions
4. A action space
5. L:0©x A—[0,00) loss function
6. 6 generic symbol for a decision procedure in ¢th problem
7. RO L, 6) The risk from using procedure
(7)

|L|| = sup{L(©,a): 0 € ©,a € A}.
Definition 6.2 (Le Cam’s metric).
A(2D, 2 = max [inf supsup sup |RV(6W, L,0) — R® (5@, L,0)],
s 5 6 Li|L]=1

inf supsup sup |R(1)(5(1),L,0)—R(Q)(5(2),L,0)|,].
8@ s1) 0 L L|=1

Definition 6.3 (Asymptotically equivalent).

lim sup sup |[RW (WY, L,0) - R (5P L,6) = 0.
n=%0 g Li|L|=1

Lemma 6.4. Let 2 and its o-field be a Polish space with its associated Borel field. Let
2 denote an experiment with sample space 2. Let S+ 2 — % be a sufficient statistic
and let 22 denote the experiment in which Y = S(X) is observed. Then A(PMV), 2?2)) =
0.

Theorem 6.5.
[ROOW, L,0) = RGP, L,0)| < Ly (2, 2L
Define the Hellinger metric H(G™,G?) is defined by

(G0, G = /(g(l)(gg)l/2 — P (@))% (da).

Lemma 6.6.
Li(GM, ¢y <21 (GM, g?).
Also, for product measures,

For two normal distributions,

2 2 2 20109 11/2 (11 — p2)?
H* (N (p1,07), N (2, 03)) = 2{1 - [U% +U§} exp{—w”
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For two multivariate normal distributions with the same mean satisfies
H*(N (1), 0 Q), N, aldgn) < 2]Q — Idgofys,  Q € R™™, a0 > 0.
Remark 6.7.
If = ZPaflze = If = PafllZe + 1Paf = PufllZe,
which shows the distance by classical distance of the Le Cam and the distance caused by

the relation between the dimension and wavelets. Or equivalently, canceling the distance
can be regarded as

lim —(Z(Ey] Ez)* + Z (EzJ)Z) =0
n—oo 0 o Pt

7. WAVELETS

7.1. classification.

Isometric approximation: the Fourier approximation, the Haar wavelet
Isomorphic approximation: B-spline

7.2. Isometric approximation. Define
F el B) = {f € 120, 1 S U I(F 0022 < B2,
lez?
Suppose
7 = (Dpls,) Y.

Theorem 7.1 (Reiss (2008)). For d-dimensional periodic Sobolev classes Fg’per(s, R) with

regularity s > d/2 and equidistant design on the cube [0,1]%, the nonparametric regression
experiment Efll and the Gaussian shift experiment Gfll are asymptotically equivalent as n —
oo. The Le Cam distance satisfies

Ay (s,R) (]E‘fl, G‘fl) < oL Rpl/2—s/d.

S,per

7.3. Isomorphic approximation. Define
Fi(s.B) = {f € 10,11/ |+ < R},
where ||||gs denotes the standard L2-Sobolev norm of regularity s on [0, 1]%.

Theorem 7.2 (Reiss (2008)). For general d-dimensional Sobolev classes Fi(s, R) with
reqularity s > d/2 and equidistant design on the cube [0, 1]d, the nonparametric regression
experiment Eg and the Gaussian white noise experiment Gfb are asymptotically equivalent
as n — 0o. The Le Cam distance satisfies

Ard(s.p) (B, Gl) S o Rn!/27o/d,
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7.4. Random design. Suppose
no n
Zri= 3 (V@i + Y Ve ey,
j=1 j=no+1
Theorem 7.3 (Reiss (2008)). For d-dimensional periodic Sobolev classes ]-'gper(s, R) with
d

regularity s > d/2, the nonparametric regression experiment Ef . with random design and

the Gaussian shift experiment G¢ are asymptotically equivalent as ng,n — co and ng =
o(n'/?). The Le Cam distance satisfies

A‘Féi,per(s,]'%) (]E;il’r, G'rdl) 5 n_1/2n0 + U_an(l)/2_S/d'
8. WORDS
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6. allude oooad
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9. an intriguing example ooooood
10. anthropometric oooono
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12. skinfold measurement oooooo
13. Gambia villages oooooo
14. steady ooooooad
15. seminal oo0ooooad
16. ad hoc ooooooad
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18. interest center on

9. FURTHER READING

9.1. nonparametric regression. For estimating the whole function, see Naussbaum (1985),
Speckman (1985), Donoho, Liu and MacGibbon (1990) and Golubev and Nussbaum (1990).

For estimating a point functional such as f(xg), see Ibragimov and Hasminskii (1982),
Donoho and Liu (1991) and Donoho and Low (1992).

For estimating a nonlinear functional in nonparametric regression (and white noise
model), see Donoho and Nussbaum (1990).

The minimax sequence based on the regression model is found in Golubev (1987, 1991).
For the problem of estimating a linear functional in regression (and white noise), see Lepskii
(1991).
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The examples of estimating optimal, possibly random, bandwidths in the regression (and
also white-noise) are given in Hall and Johnstone (1992).

9.2. white noise model. For estimating the whole function, see Pinsker (1980).
For estimating a point functional such as f(z¢), see Ibragimov and Hasminskii (1984).
For estimating a nonlinear functional in white noise model, see Fan (1991b).
For estimating the whole function based on indirect observations, see Fan (1991a).
The minimax sequence based on the white noise model is found in Efroimovich and
Pinsker (1984).



