MIN-MAX BIAS ROBUST REGRESSION
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1. REFERENCE

1.1. O DO-1.

Martin, Yohai and Zamar (1989), AS.
Yohai and Zamar (1993), AS.

Berrendero and Zamar (2001), AS.
Berrendero Mendes and Tyler (2007), AS.

1.2. O00O-2.

Donoho and Liu (1988a), AS
Donoho and Liu (1988b), AS
He and Simpson (1993), AS

2. FUNDAMENTAL SETTING

e Klotz gave a matrix version of Szegd’s

2.1. Definition.
(1) gis

B y—ato
9(s. 1011) = Brop(P——)
and the inverse of g1 and go are defined by,

(g91) the inverse of g with respect to s;

(g2) the inverse of g with respect to ||6]|.

note. 1000¢1(e,0)0000000000000gy(a,b)0...
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Ve={H;H=(1—¢)Hy+ecH"}

(3) The asymptotic bias of T' at H
O(T, H) =|T(H)|
and correspondingly,
B(T') = sup{||T(H)||; H € Vc}
note. 000000000 B(T)D0O0ODO0OO0OO0OOOO minimaxO0O0OO

3. CONDITIONS

3.1. on p. Let p be a real-valued function on R satisfying the following conditions.

3.2. when p is a jump function.

0, |ul<e,
PC(U):{ lu

L, Ju|l >ec

3.3. S-estimate functional. Let s(0, H) = s(F?), where
s(F) = inf{s > 0; Epp(g) < b},
s
note. bOOODOOODOOFOOODODOODQD influence functionO0 00000 sO0O0O0O00OO

T(H) is said to be an S-estimate functional of regression if there exists a sequence
0,, € RP such that

lim 0, =T(H)

n—oo
and
lim s(0,,H) = inf s(0,H).

n—00 fcRP

Lemma 3.1. If p satisfies A1 and H satisfies

sup Pp(z"0=0)<1-0,
lol=1

then there exist some sequence 0, and T(H) to be an S-estimate.

Consequently, if p is additionally continuous,

s(T(H),H) =min{s(0, H);0 € RP}.
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3.4. Contrast function. Set g(s, ||0]|) as

y—xT0
9(s.101) = Engp( )
Lemma 3.2. (i) p satisfies Al;
(ii) Fo satisfies A2;
(iii) Go satisfies A3.
Then g is , strictly increasing w.r.t. ||0||; strictly decreasing in s for s > 0.

3.5. Assumption A.

(A1) Symmetric and nondecreasing on [0, c0), with p(0) = 0.
Bounded, with lim, . p(u) = 1.
p has only a finite number of discontinuities.
note. pOO00O0OOOO0O

(A2) Fy is absolutely continuous with density fo which is symmetric, continuous and
strictly decreasing for u < 0.

(A3) Gy is spherical and Pg, ("6 = 0) for all § € RP with 6 # 0.

4. MAIN RESULTS

Lemma 4.1. Assume that p1 satisfies A1, Fy satisfies A2 and Go satisfies A3. Then g is
continuous, strictly increasing with respect to ||0| and strictly decreasing in s for s > 0.

note. OO DOO0ODOO0OO0O0O0OO0DOO0OOOOODOOO

Proof. (i) To show VH = (1 —€)Hp + eH*,
0] > ¢ = s(0,H) > s(0,H).

note. sOO0O0OO

Theorem 4.2. Under Lemma, B:(T) over V¢ is

B (T) — 92_1(91_1<11):270>7 1g€>; e << min(b, 1— b)7
oo, €>min(b,1—b).

Lemma 4.3. Consider Ty, with jump function p1.

(1)

BAT) = 6 () (1),

(i)

inf B.(Tp)= inf G;1(2(1—F0(t))+ ‘ )

e<b<l—e Fyt<t<oo 1—c¢
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note. 0O DOODOO19890 000

5. FUNDAMENTAL SETTING

1. Frpg(v) the distribution function of |y — 6" |

5.1. Notations.
.
T.(H) = arg min F ()
5.2. lower bound. The lower bound is given by

a(e) = sup{[[0]l; (1 = €) Fro 6(v) + € = (1 =€) Fpo 0(v), Vv > 0}

6. MAIN RESULTS

Theorem 6.1. Suppose that

(i) fo(v) = Fi(v) is even and strictly unimodal.

(ii) Pg,(0Tz =0) < 1,V||6]| = 1.

(iii) Go(x) is elliptical.
Then there exists o such that the least o -quantile estimate Ty is minimax bias in the
class of residual admissible estimates.

note. 00 0O O He and Simpson O 0O O

7. SETTING

7.1. Fisher consistent. V0 € ©, T'(Fy) = 6.

7.2. locally linear.

Definition 7.1. Let {Fy;6 € ©} be an L;-differentiable family of distributions with finite
Fisher information. A functional T is locally linear if it has the following properties.

(i) T has an influence function whose mean is 0 and finite variance.
(ii) T has the following expansion

T(Fyss5) — T(Fy) = /1/19d(F6'+6 — Fp) + o(|[0]]).

7.3. minmax. Define
dy (P, Q) = sup|P(A) — Q(A)]
and
d.(P,Q) = inf{e; Q = (1 — €) P + €R for some distribution R}.

The variation gauge is

by (€, Fyp) = sup{p(#,n);n such that d,(Fy, F})) < €}.
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The contamination bias is

br(e,Fy) = sup  p(T(F),0).
de(Fy,F)<e

Theorem 7.2.

1

sup br(e; Fy) > —m(i;Fe)
7:0(0.m) <bu (c/ (1—€), Fy) 2 M —e

note. DO 00 Theorem 7.20 000000 biasO lower bound D00 00O00O00O0OO0OO

O000Omn-max 00000

8. SUMMARY

8.1. O O-1.

e Hosoya (1978) O Taniguchi (1981) 0000000000 € contamination 0 0 0 O
U00 minimax 0O OO0

e Martin, Yohai and Zamar (1989) 0 000000000 OO O O minimax curve O
ggooooboooon

e Yohai and Zamar (1993) O 0 0 O O quantile score 0 O 0 minimax curve O 00 admis-
sibeDO0O0O0O0O0OO0OOO

e Berrendero and Zamar (2001) 000 000000000000000000O0 Re-
gression 0 min-max O 000 Bound OO O OO

e Berrendero, Mendes and Tyler (2007) O O Yohai and Zamar (1993) 000000
quantile score 0 inadmissible 000000000 O00OO0O OO CM-estimate 00 0O
0000000000000 CM-estimate 0000000000000 0O0O0O
O0000O0estimate 00 0000000000000 0D0O00ODOO0ODO0OO0O0O
00O 0O 0 O quantile score 0 admissible 0 OO0 O O0O0O0O0O0OO0OO

8.2. 00-2. D0 UDUOODOUOOe-contamination 0 00000000000 OOOOOODOO

e Donoho and Liu (1988a) D00 OO0 00O Robustness 0000000 OL2000
Hermitian 0O O OO000000000OO0O00ODODOOOOO O Ostability of variance
O O stability of quantity estimated 0 O O O O O O O stability of variance 0 Huber
0000 M-estDOOOODOODOOO0ODOOOO0ODOOOO MD-estDOOQooQ
g

e Donoho and Liu (1988b) 000 000000000000 DOOOOdepth O contour
00000000 [@oOo0o0oD FollowOOOOOOOOO)
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e He and Simpson (1993) D 00000000 bound 000 00 OO O quantile score
OO0bound 00000000000 min-max000000



