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Preface

Nonparametric methods have been developed for statistical analysis of univariate
and multivariate observations in the area of time series analysis to carry out the
problem of hypothesis testing and inference in these two decades. Compared with
parametric methods, the notable feature is that they have fewer assumptions on
the model or the distribution of its innovations. Parametric statistics is still, how-
ever, the mainstream in the mathematical statistics according to its obviousness
and tractability. The theory of parametric case has been established since Le Cam
proposed his three lemmas and the sophisticated logic is attractable. We trea-
sure the theory in the Appendix in this Thesis. Nevertheless, the assumptions of
the parameters restrict its further development and we start the research on the
nonparametric methods.

Recently, two of the most remarkable nonparametric methods are empirical
likelihood ratio method and rank-based method. The former method was intro-
duced by Owen (1988), who applied it to the i.i.d data and showed the validity of
the empirical likelihood ratio statistic. For dependent data, Monti (1997), Ogata
and Taniguchi (2010) showed that the asymptotic distribution of the empirical
likelihood ratio statistic is asymptotically y2-distributed based on the Whittle
likelihood type estimating function under the regular conditions. As a result, we
can construct confidence interval for pivotal quantity such as the coefficients in a
predictor and autocorrelation coefficients in multivariate stationary processes, etc.
The latter method is well known for Spearman’s rank correlation. Its history is so
long that we can not give accurate literature for it. The story of i.i.d case is well
established in the book by Héjek (1968). Hallin et al. (1985, 1987) and Hallin
and Puri (1991) extended the case to the depend case. Garel and Hallin (1995)
also proposed the LAN theorem for multiple time series and extended the result
further to the semiparametric case.

In the last few decades, it is founded in the most cases that the behavior of data
is neither independent nor Gaussian. Furthermore, heavy-tailed data have been
observed in a variety of fields involving electrical engineering, hydrology, finance
and physical systems (See Nolan (2012) and Samoradnitsky and Taqqu (2000)). In
particular, Fama (1965) and Mandelbrot (1963) gave the economic and financial



examples that showed such data are poorly represented by Gaussian model. A
good choice for model in this case is proposed to use innovations with regularly
varying tail with index «, which is a necessary and sufficient condition for the limit
to be stable random variables. However, stable random variables are defined by its
Fourier transformation, and there is no analytic representation for the probability
density function. This is a reason why the model driven by stable innovations are
difficult to analyze by maximum likelihood method or in a parametric way.

In this research, we apply the nonparametric methods to the stable case and
investigated the property of the methods. In the empirical likelihood ratio case, we
applied the self-normalized method to the generalized linear case and obtained the
asymptotic distribution of the statistics. In the sequent chapter, we probed into
the self-normalized random variables’ asymptotic moments. In the last chapter,
we follow the idea introduced by Prof. Hallin and summarized his result.



Chapter 1
Empirical Likelihood Method

1.1 Introduction

Recently, the multivariate data with infinite variance appear in various fields like
finance, economics and hydrology. To model these phenomena, one choice is to
apply generalized linear process to the case.
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Figure 1.1: Stable distribution (o = 1.5) Figure 1.2: AR(1) model driven by Stable
and Normal distribution (o = 2) distribution (o =2,1.7,1.5,1.2,1)

Figure 1.1 shows the probability density of both stable distribution and normal
distribution (o = 1.5 and a = 2 with ¢ = 1). Figure 1.2 shows a linear process
driven by the stable innovation (a = 2,1.7,1.5,1.2,1) with o = 1. Although the
difference between the probability density function is not seemingly so much, it is
easy to see that the linear process with smaller index waves more dynamically in
its range. In fact, only the case of @ = 2 has finite variance, and the others do
not. Accordingly, a process under regular conditions is much more different from
the stable one.



For 1-dimensional linear process with infinite variance innovations, Davis and
Resnick (1985a, 1985b and 1986) investigated the sample autocorrelation function
(ACF) at lag h, and derived the consistency of ACF. Resnick and Starica (1998)
gave a consistent estimator of the tail index a.. In view of the frequency domain ap-
proach, Kliippelberg and Mikosch (1993, 1994 and 1996) proposed self-normalized
periodogram because the expectation of the usual periodogram does not exist, and
introduced some methods for parameter estimation and hypothesis testing. Then,
they showed that for any frequencies, self-normalized periodogram converges to a
random variable with finite second moment, and proved the convergence of the
integral functional of the self-normalized periodogram.

In this paper, we apply nonparametrical method to the discrete d-dimensional
linear process

Z\If Z(t— 7). (1.1.1)

It is natural to express the process nonparametrlcaﬂy partly because finite para-
metric models often can not describe real data sufficiently, and partly because there
is no general solution of probability density function for stable distribution. Re-
cently economists and quantitive analysts have introduced stable stochastic models
to asset returns in econometrics and finance. In such situations, what we are in-
terested in is to test statistical hypothesis on the pivotal quantity 70 = 6,”, such
as the correlation between the different realizations. To achieve this goal, Monti
(1997) and Ogata and Taniguchi (2010) employed the empirical likelihood to con-
struct confidence sets for linear processes when innovations have finite variance.
A plausible way to define the important index 6y is Whittle’s approach, that is,
0y minimizes the disparity

D(fa.g) = / " { £(w; 0) " g(w) . (112)

—Tr

The empirical likelihood ratio function for the problem of testing H: 8 = 6, is
defined as

R(0) = max {Hnwt,Zwtm (A; )zO,Zwtzl,OSwtgl,‘v’t},
Lton t=1

(1.1.3)

and then the estimating function takes the form

2mt

m(\:6) = > tr{f()\t, ) Lx(\)} A==€ (-m ) (1.1.4)

For our general stable linear process, we derive the limit distribution of R(6y) with
its normalizing factor and construct the confidence interval through a numerical
method.



Here it should be noted that our extension to the stable case from the finite
variance case requires new asymptotic methods, and we report new aspects of the
asymptotics, which are different from the usual ones. Furthermore, we extend the
results to the multivariate one, which is extremely important from a viewpoint of
practical use. The way to derive the asymptotics of the multivariate case has also
new aspects. One is that the self-normalizing factor is not the square root matrix
but the norm of the stable series. The other is that we need stronger assumption
on the pivotal quantity to have the asymptotic distribution hold.

1.2 Vector a-stable Processes

We consider a d-dimensional vector-valued linear process { X (t);t € Z} generated
by

X(t) = Z‘P(J’)Z(t—j) (1.2.1)

where U(j) are d x d real matrices, and {Z(¢)} is an independently and identically
distributed sequence of symmetric a-stable random vectors whose elements are
also independent.

1.2.1 Notations and Preliminaries

First, we give a brief review on the notation in this chapter. we use Bold letters
to represent vectors or matrices. For an element in vectors or matrices, we use
underscript. For instance, A; denotes the jth entry in the vector A, where A;;
denotes the element lying in the ith row and jth column of the matrix A.

The argument about the frequency domain makes us unable to escape from
the complex numbers. We generally use A to denote the complex conjugate of A
regardless of whether A is a complex number or a complex matrix.

Next, the usage of characters are as follows. Note that we use w € [—7, 7] for
continuous case, and \; = % € (—m,m| for discrete case. For any random vector
A, the sample autocovariance and the periodogram matrices are defined as

n—|h|

Doa(h) =n=* Y " A(t)A(t + b,

I, A(w) = dpa(W)dya(W)",  dya(w) =n"""> " A(t)e™,
t=1

respectively.



There are two norms used in this paper. One is the Euclidean norm, which is
denoted by || - || g. Secondly, based on the observed stretch { X (t),1 <t < n}, the
self-normalized term, denoted by || Z||y, is defined as follows:

(1.2.2)

It is well known that Z(t)? is in the domain of attraction of a stable limit with
a/2, and the linear transformation of stable distribution with nonrandom scale is
also stable with the same characteristic exponent. Thus the sum Z?Zl Z(t)? is
also in the domain of attraction of a stable limit with /2. The normalized form
of vectors is written as
- Z(t);
(t)z: (), T=1,...
12| v
For the model (1.1.1), we define the true power transfer function g(w) by
g(w) = V(w)¥(w)",

where W(w) =3 7%, ¥( §)e¥. To derive the asymptotics of the empirical likelihood
ratio function, we write a fitted spectral in the parametric way, that is, we use
f(w; 0), which satisfies assumptions in the next section. It is not necessary that
the true spectral density be in the family of fitted spectral densities. Here we
define the pivotal value 8y, which satisfies

(%/_ﬂ [ 0)) g)]de] =0 (1.2.4)

d. (1.2.3)

0=0¢

For example, we can use the constrained family to derive the autocorrelation,
the interpolation or the prediction. The empirical likelihood ratio is defined as

R(0) = maX{H npt‘ Zpt m()\;0) =0, p >0, Zpt =1}, (1.2.5)
t=1 t=1 t=1

with any estimating function m(A; @). In the time series literature, the most
common estimating function is

M) = S F(0:0) Lx(W), (1.2.6)

which is called the Whittle likelihood. Also, for the brevity, we define moment
functions of the estimating function P,(0) and S,,(0) as follows:

P,(6) — %im(xt;e) (1.2.7)
S.(0) — %im(xt;mm(xt;e)'. (1.2.8)

7



Assumptions through this chapter are given here:

Assumption 1.2.1. Assume that X (¢) is generated by (1.1.1) where
D ilUGul® < oo, fork,l=12,...,d whered<minfo,1}.  (1.2.9)
=0

Remark 1.2.2. Under this assumption, (1.1.1) is well-defined. See Brockwell and
davis (1991) or Petorov (1975).

Define the family F of the fitted power transfer function as
F = {F(w0)|f(w;0) = (320067 ) (Y 2(j;0)) .6 € © C RY},
=0 =0

(1.2.10)
where

> GEG)ml’ < oo, fork,l=1,2,...,d where § <min{a,1}.  (1.2.11)
j=0

Assumption 1.2.3.
(i) © is a compact subset of RY.
(ii) There exists a unique 6y € © satisfying (1.2.4).
(iii) f(w;0) € F is continuously differentiable with respect to 6.

The assumption below guarantees the convergence of the functional of peri-
odogram by inequality of an application of Theorem 3.1 in Rosinski and Woyczyn-
ski (1987).

Assumption 1.2.4. For some p € (0,a) and all k =1,--- ,q,

g”/i %W(w)*f(w; O)W(w)emdez < 0. (1.2.12)

1.3 Main Result

First the limit of functional form of periodogram is shown in the following theorem,
which is a generalization of 1-dimensional result.



Theorem 1.3.1. Let (X (t))iez be a linear process as defined in (1.1.1) with co-
efficient matrices (V(j));ez satisfying (1.2.9) and suppose that o € (0,2). Fur-

thermore, let ¢rp(w),j = 1,...,d, be d x d matriz-valued 2m-periodic continuous

function with ¢(w) = ¢r(w)* such that the Fourier coefficients of W (-)px(-)¥(-)*
are absolutely summable and

S| v a@veesil <o 151

for some p € (0,a) and allk =1,--- ,q. Then

™

(02 B [t [{Fx ) = W20 ¥@) boue) | o

5 (Supe 30 Y-Sy [ (A) + ADy o). (132)

where
A(w) = V(W) op(w) T (w)e™™,

and S(h);; is the (i, j)-component of the limit stable random matriz S(h), where
T Tnz(h) = S(h) forh=1,2,....

Theorem 1.3.2. Let (X (t))iez be a linear process as defined in (1.1.1) with co-
efficient matrices (V(j));ez satisfying (1.2.9) and suppose that o € [1,2). Under
Assumptions 1.2.3 and 1.2.4, if

3/ U(w) fw; 0) ' (w) dw =0, (1.3.3)
00 J_. 09—,
we have )
—2$—"10g R(6,) 5V'W'V  under H: 6 = 6,
n
where -
J o (Bi(w) + Bi(w))s;dw
d 00 ™
! S(h)y | J .(Ba(w) + Ba(w))ijdw
V= Z > 5o z (1.3.4)
1,j=1 h=1 -
f—ﬂ'<Bq<w) + B(I(w))ijdwa
with 9
By(w) = (W) - f(w;0) ' W(w) k=1,....q,
00,



and the component of W is expressed as

1 T B -0 -1 0 -0 -1
Wo=5- [ (tr [mw)—f S| s ) ]
_ Of(w;0)7! _ Of(w;0)7!
+tr g(w)a—ea oo tr [g(w) a0, 9:90]> dw, (1.3.5)
where g(w) is defined as
J(w) = V(W)X (w)". (1.3.6)

Corollary 1.3.3. With the same assumptions and condition (1.3.3), we have

2

—2‘;—“ log R(6y) 5 V'W™'V  under H: 0 = 6,,

where V' is defined above and the component of W can be expressed as

Wap = 273612 /7r (tr [g(w)af(g;@‘ B ]

Of (w;0)7!
e HOD dw. (1.3.7)

Of (w;0)~"
o g(w)—aeb

g 2F(w: 6)!
HO]t [g( ) =06,

+tr | g(w)

1.3.1 Numerical Study
We consider the 2-dimemsional VAR(1) model:

X(1)+AX(t—1) = Z(t), (1.3.8)

where the marginal distributions of {Z(¢)} are assumed to be ii.d. symmetric
a-stable variable with scale 1 for simplicity. The true coefficient matrix is given

by
0.7 6
A= )
(0.1 0.5)
Like other methods, the parameter estimation is possible. First, we define the
fitted power transfer function f(w;@) corresponding to the estimating function as

. _ o w\—1 o jw)—1% o 07 0
fw;0)= (I —Be”) (I — Be")™" ", where B_(O.l 0.5).

The numerical results in this case are given in Table 1.1.

10



Table 1.1: 95% confidence intervals (and length) for true parameter. Sample size
is 500 and a = 1.7.

o E.L (length)
case 1. 0 || -0.1242 0.0692 | (0.1934)
case 2. 0.5 | 0.4475 0.5425 | (0.0950)
case 3. 0.6 | 0.0940 0.7607 | (0.6667)

Figure 1.3: The confidence interval in case 1

Next, we examine the (1,1)-component of autocorrelation (See Brockwell and Davis
[1991] ), which is defined as

p11(l) = y1(1)/n1(0), 1=0,1,.... (1.3.9)

The estimation of this quantity is equivalent to fit the power transfer function
(I — Be™™)(I — Be) ™", (1.3.10)
where B has the form

(g lc)) , where b and ¢ are any constants. (See Appendix in this Chapter.)

The numerical results are given in Table 1.2.

11



Table 1.2: 95% confidence intervals (and length) for true parameter. Sample size
is 2000 and o = 1.7.

L] 6 E.L (length)
case 4. 2| 0.700 || -0.3987 0.8037 | (1.2024)
case 5. 3| 0.590 || -0.1299 0.8250 | (0.9549)

4 ( )

case 6. 0.498 | -0.5969 0.6759 | (1.2728

Another appealing example is to consider whether the wave structures of the
spectra between all components are ”close” to each other or not. For simplicity,
we formulate this idea in 2-dimensional case and assume the true power transfer

function g(w) is

> R(k)e ™. (1.3.11)

=—0Q

1

g(w) = o

Then the null hypothesis can be written as
H: R(k)=6yR(j) or R(k)=6yR(j) forsome k and j.

To test this hypothesis, we set the estimating function m(\;; @) with an inverse
correlation function f()\;0)~!', which was first introduced in Cleveland (1972),
and deeply discussed by Bhansali (1980). Let

Flw;0)7t = (e 4+ ™) o0 (e 4 ™) 20* 0 (1.3.12)
’ 0 6 0 1¢2)- "
Then under the hypothesis, we have
8 s

U(w)* fw; 0)"'0(w) dw =0, (1.3.13)

9 )

which satisfies the assumption in Theorem 1.3.2.

1.3.2 Proof of Theorem 4.1

First, we derive the asymptotics of P, (6y) and S, (6y).

Lemma 1.3.4. Suppose {X (t)}:°, is generated by (1.1.1) satisfying (1.2.9). Then
L, x(w) = Y(w) I, z(w)V(w)" + R, (w). (1.3.14)

If p(w) is a d x d matriz-valued continuous function on [ —m, 7|, then

T /ﬂ tr[ Ry (w)o(w) Jdw 25 0. (1.3.15)

—Tr

12



Proof. We follow the proof of the univariate case in Mikosch et al. (1995).

dpx(w) = n_l/agn:X(t)em = n_l/az iwt Z\I/ Z(t—3j))
- =1

= V(W) z(w) +n~ V“Z\If Y, (w),

= Juz(w)+n" l/‘”Yn(uj) (say),
where

Y, w) =Y Z)e =) Z(t)e". (1.3.16)
Then we have

R, (w) = n YV, (W) z(W)* +n YT, (W)Y (W) + 1 Y, (w) Y (w)*.
(1.3.17)
Do W(g)e < ST < oo, so that [[W(w)| is stochastically bounded.
Since every element of Z(t) is in the domain of attraction of a stable law with
a parameter «, J, z(w) is also stochastically bounded. As results in the proof of
lemma 6.2 in Mikosch et al. (1995), we know that for each [ € 1,2,...,d,

D (e Y 5 (w) = Op(1) (1.3.18)
7=0
and .
/ n UG Y, (W) dw = oy(x,?). (1.3.19)
o g

Combining these two results, it is easy to see that Y, (w) = O,(1), and by the

13



boundedness of ¢(w),

/ " R () 6(w)] o]

—T —T

™

|tr[ Ry (w)o(w) ] dw

IN

T

< o [ IR ello s do
< ara [ 10 YT ) s+ 0 ) Yol s
I 0 )
s 1/2 U 1/2
< an{([Inawiza) ([ e )
s [ @l e}
Z 0.

]

Before looking into the asymptotics of P, (6y), we have to show the existence
of the limit matrix of the autocovariance matrix in distribution. If the components
of the vector Z are mutually independent, then we have the lemma due to Resnick
(1986) by applying continuous mapping theorem.

Suppose y, = (nlogn)Y/®. It is obvious that Z(1)’s satisfy followings:

P(|Z(1);| > z) =2"L(x), i=1,2,...,d (1.3.20)
with a > 0 and L(z) a slowly varying function at co and

P(Z(1); > z) P(Z(1); < —)
Pz >z P POz !

asr — 00, 0<p<landg=1-p

(1.3.21)

Lemma 1.3.5. Let {Z(t)} be a sequence of iid random vectors satisfying (B.9)
and (B.10) with 0 < a < 2 and E|Z(1);|* = 0o for alli=1,2,...,d. Then

<n—2/a2n:2(t)2(t)',y;1zn:Z(t) t+1),...,y, Zz t+h>
) ) :(S(O),S(l),...,S(h)), (1.3.22)

where S(0),S(1),...,S(h) are independent stable random matrices; the compo-
nents of S(0) are all positive with index /2, and S(1),...,S(h) are identically
distributed with index o

14



Proof of Theorem 1.3.1. From Lemma 1.3.5, we can see that

A

(n~2/o00 20, 4 Tz (k). k = 1. h) = (S(0), S(1), .., S(R).

Note that tr ' z(0) = || Z||%, according to the continuous mapping theorem, the
statement holds true if we show

oo [ [ () = )P 200 ) ()|

—T

From Lemma 1.3.4 and Lemma 1.4.1 in Appendix,
. / tr[ {Zx () — W(F, 2 (0)W() Y4 | de

. / tr :{\If(w)ImZ(w)\Il(w)*—\If(w)fmZ(O)‘Il(w)*—|—R(w)}¢k(w)] dw

. / "t [ {0(w) (L 2(w) P2 (0)U(w) k() | o+, / tr [ R(w)op(w)] dw

—T . -7

+
7 ii=1 Lh=1 i
- d oo T
L3S s, / (A(w) + A@))s; dw
i,5=1 h=1 -m

]

Remark 1.3.6. The last result of convergence is due to Lemma 1.4.1, which
guarantees the tightness of the convergency.

15



Remark 1.3.7. The assumption of independence on the components of Z(t) is
for simplicity and for simulation. The condition of regular variation on the vector
case is crucial for the convergence of Z(t) with some other technical conditions.
For detail, we recommend to refer to Bartkiewicz et al. (2010).

From the definition, we have

n d

Z Z Z(t)? =1 almost surely, (1.3.24)

t=1 =1

which shows the second moment of Z(t) is finite. By the properties that the
components of vectors are mutually independent and they are symmetry around
0, we assume generally

~ - Ty if t =
B20:2(s)] =5z =9 100" (1.3.25)
0 if t # s.
This is not a special case since we have the following example:

Example 1 (Case that the correlation between all elements of Z(t) is 1). As-
sume that the marginal distributions Z(t); of Z(t) are independent symmetric
a-stable distributions with different scales o;. Then since the sum of all marginal
distribution )7, Z(t); has the same distribution, we can see that

E iZ(t)f = % (1.3.26)

Also, according to the different scale, we can write Z(t); = 0,Z'(t); where all
Z'(t); are stable with scale 1. Then we have

d d
s y 1
E § ZO);i=EY oZ'(t); = = (1.3.27)
=1 =1

which is followed by

S

EZ'(t); = = <Z a§> : (1.3.28)

Accordingly, we have
~ 1 00

E(Z(t):Z(t);) = WS o8 (1.3.29)

The representation (1.3.23) is just a generation of this idea.

16



Lemma 1.3.8. Assume the covariance matriz of self-normalized process {Z} is
gwen by X ;. If o € [1,2), then

(2| Z||%) 28, (680) 2 W, (1.3.30)

where the (a,b)-component of W satisfies

L . Of(w;0)"! . Of(w; 0)
Wab - o /_7r (tr [g<w) aea 0—o g(w) aeb 9=0,
o Of(w;0)” o Of(w;0)”
+tr | g(w) a0, oo tr | g(w) 20, oo dw,
(1.3.31)
where g(w) is defined as
g(w) =TV(w)E;¥(w)". (1.3.32)
Proof. Apply the decomposition in Lemma 1.3.4 again, we have
L x(w) =Y(w) I, z(w)¥(w)" + R, (w). (1.3.33)

Using self-normalized form, we can see that
L, x(w) = (¥ Z|%) P Lix(w) = V(W)L z(0)¥(w)" + Ry(w).  (1.3.34)
Taking the expectation of the product of periodogram of Z, we obtain
(1, ;O\, z00)r)

=F ( > Zy(m)Zy() Z (k) Z () exp{i((j — k)M — (1 - m))\g)t})

m,l,k,j
TpqOrs + OprOgs + 0p(1) %f A1 = Mg, (13.35)
TpgOrs + OpsOgr + 0p(1) if Ay = —Xo.
Therefore, if we write g(\)ap = (3.7, U(5)e )4, then
lim E(‘[n X(/\t)qun £(A)rs) = Z I kGt (M) Try (Ae) G (Ae) (OpgOrs + 01 0gs)

n—00
k,lmmn

= g(w)pqg(w)m + g(w)pf‘g(w)qs‘

17



If a € [1,2), we can write S,,(0p) in the integral form, i.e.

Of (w; )35 OFf (w; 0)%15s
/ (W) g9 (w )5354% <86 ) dew
- ﬁl 52 B3,81=1 a 6=060 b 6=00
Of (w; 8)%5 OF (w; @)P15s
/ ),81/839( )ﬁ2ﬁ4<8T) (80 ) dw}
T B, ﬁ2 B3,81=1 a 6=06o b 0=0,
(1.3.36)
In other words,
_ L[ _ Of(w;0)7! _ Of(w;0)
Wap = 7 /7r (tr [g(w) 20, » g(w) 0, -
. Of(w;0)” o Of(w;0)”
+tr w tr w dw.
9w)==5," o 9= -
(1.3.37)
The convergence in probability is guaranteed by the result that
S Cov(I, 2 ()2 1, 2(N)%) = O(n). (1.3.38)
kAl
O

Corollary 1.3.9. If all elements of Z(t) are i.i.d symmetric « stable random
variables, then

(=22 Z||%) 25, (80) D> W, (1.3.39)

where the (a,b)-component of W is

1 of (w; )" Of (w; )
Wa =5 / . (tr [g @) 90, oo’ ) 90, 990]
of (w; )" of (w;0)""
+t R g t dw.
r|g(w) 20, 000] r [g(w) 90, 000]) w

(1.3.40)
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Proof of Theorem 1.3.2. First, we will derive the asymptotic distribution of the

empirical likelihood ratio. For convenience, we set p = (p1, ...

Lagrange multiplier L(p, ¢, k),

,Pn). Introducing

Mn¢%0IE:MQmw—nWEZmnw&ﬂ@+k(}:m—1>. (1.3.41)
t=1 t=1 t=1

Differentiating L(p, ¢, k) with respect to all parameters, we have equations:

1 1
Cnl4¢m(\;6p)

Dt

where ¢ satisfies

li m(\; 6y) -0
n <=1+ ¢'m(\;6o)

If we write
}/;f = ¢/m()\ta 00)7

then we have
npy = (1 + Y;f)_l?

and from (1.3.43)

¢ = Sn(6p)"" {% Zm()\t; 90)} + €,

where

since

=1-Y, .
1+Y 1+Y,
Thus the empirical likelihood ratio can be decomposed like

—2log R(6y) = 2210g(1+Yt)

t=1

= 2> V- Y2+ 0,7
t=1 t=1 t=1

n

(1.3.42)

(1.3.43)

(1.3.44)

(1.3.45)

(1.3.46)

(1.3.47)

(1.3.48)

= nP,(60)'Sn(60) ' P.(60) — n€'S, (o) + Y O,(V).
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To guarantee the order of convergence, we must control the order of € and Y;?
simultaneously. Fortunately, we can keep them converge to 0 in probability in the
stable case as well as in the usual regular case.

To give an clear overview, we define an order in the probability order notation.
If O,(A,,)/O0p(Bn) — 0,(1), then we say A,, convergences to 0 in probability faster
than B,,. It is denoted by

min(O,(A4,),O0,(B,)) = Oy(A,) or O,(A,) < O,(By). (1.3.50)

If O,(A,)/Ou(By) = Op(1), then we say that A, is equivalent to B, in the order
sense.
Define Z,, = maxj<g<, m(A¢;0p). Then it is easy to see that

1
Z, < max aetr{f(/\t,eo) I /\t}H<C sup. |1, () (1.3.51)
we[—m,7]

Then from (1.3.46), we have

Op([[@1)(Op([[Sn(60) 1) = Op(Zn) Op ([ P (€0) 1) < [P (6o)]l- (1.3.52)
From (1.3.47), this leads us to the order of e,

lell < (1 ZallllSn (@)l @lI*11 + YiI ™" = Op([| Za]1) Oy (11S1(80) N Op(l|0]I7)
= min(0,(Z:)0,(115:(80) ™ ) Op ([P (80)[I*), Op(Z,, 1) Oy (S (60)))
(1.3.53)

In the regular case, we can see that

Op([181(80)11) = Op([18n(80)[I71) = Op(1). (1.3.54)
Then

)Op(S51(60)))

min(Op(Zn) O, (118, (60) N Op ([P (80) 1), O(Z,,
= 0,(Za)Op (|| P(80)|I*)  (1.3.55)

from LIL and CLT. Thus the order of ||€|| is

lell = O,(n~ ' logn) (1.3.56)
0,(Z,) = Op(logn) (1.3.57)
Op(1Pu(80)l) = Op(n'?). (1.3.58)
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In the stable case, defining the statistic well seems a little crucial. In this paper,
the order of the statistic S,,(6p) is O,(1). As shown in Mikosch and Samorodnitsky
[2000], if o # 1,

Op(Zy) = Op((logn)**) (1.3.59)
Op([|P.(80)]l) = Op((logn/n)"/®), (1.3.60)
which is followed by
¢l = Op((log n/n)"/). (1.3.61)
Therefore
€]l = Op((logn)*n~>/%). (1.3.62)

In both cases, we can simplify the notation, that is,
€]l = o0p(1). (1.3.63)

Last, we investigate the third term in (1.3.49). From (1.3.44), it is easy to see
that
Yil> < I8l llm(A 80) | = Op((log n)*H/*n=2/%) (1.3.64)
Now, multiplying true order z2/n to the empirical likelihood ratio in (1.3.49),
the orders of the last two terms in the right hand side are O,((logn)*=2/on=%/)
and O,((log)> Y/*n—1/a) respectively, and thus o,(1).
Apply Theorem 1.3.1 to x,P,(6y), we can see that

x, [T O _
P00 = 3t [ sptr[Fi0) () |
Ty [T

= 2 [ gt [ £ () - WD 20D W)} |

7t g £:0) 7 (L x () = () (D 2(0) ()} | o
v | 7 [ F(10) 7 {x(@) = (@) (P 2(0) ()} ] de

- r - L ] 0=0,

21

6=0¢

STt | B f (1 0) T (@) — ()P 2(0) ¥ ()} ] do

J7(Bi(w) + Bi(w))jdw
),-jdw

d oo -
£ %lz_lgs(h%j J o (Ba(w) + By (w)
” I (Byfe) + Byl s
where 5
Bi(w) = \If(w)*a—ek (w;0) "W (w) k=1,...,q.

21
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Remember that
D Z|% 5 Sape, (1.3.65)

2aPa(00) £ 1 s~ = S(Wij | J7 (Ba(w) + Balw))ijduw
—2/“HZ_H2 égzz . (1.3.66)

i,j=1 h=1

Thus the limit of —2%2 log R(0y) is

2
- %" log R(60) 5 VWV,

where
. fjﬂ(Bl(“O + Bl(w»wdw
1 — S(h)ij | [T (Ba(w) + Ba(w))sjdw
V=_—_ J - Y 1.3.67
SR (By(w) + By(w))ijdw,
and the (a, b)-element of W is represented in the Theorem 1.3.1. O

1.4 Appendix

1.4.1 Tightness

Lemma 1.4.1 (Kliippelberg and Mikosch (1996)). Suppose {Z;}i<i<n is a se-
quence of iid symmetric a-stable random variables for o € (0,2). Let f; be real
numbers such that

DA < o0 (1.4.1)
t=—0o0
for some p < a. If fo =0, then
Rzt Y fsZiZ) —a (Yo, 22D | fe+ o)), (1.4.2)
1<t,s<n t=1
If fo # 0, then
nH N fosZiZs —a foYo. (1.4.3)
1<t,s<n
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1.4.2 Regularly Varying Tail

Definition 1.4.2. A distribution F' has exponential tails with rate a > 0, if

F(t -
lim M =™ for all real u. (1.4.4)
t—o00 F(t)

It is denoted by F' € L,,.
The definition is equivalent to the definition of regularly varying tail, if one put

logt and logu into the definition above. To guarantee || Z||% is in the domain of
attraction of a stable limit with /2, we have the Theorem below.

Theorem 1.4.3 (Embrechts and Goldie (1980, Theorem 3)). If both F € L,,
GeL, then H=Fx«GeL,.

Remark 1.4.4. Regularly varying tail is necessary and sufficient condition for a
sequence of i.i.d random variables or random vectors in the domain of attraction
of a stable law.

1.4.3 Estimation of autocorrelation

To estimate I'(0)7'T'(j), we can see the problem as a fitting problem, i.e. fit the
spectral whose inverse is

(I —Oe™) (I — ©'e"¥). (1.4.5)
Then the pivotal value satisfies
% (I — Qe "9)(I — O'e")g(w) dw|g—g, = O. (1.4.6)
In fact, using formula
9 /
551(Ogw) = O'g(w) (1.4.7)
0
%tr(@@’g(w)) = g(w)O+g(w)o, (1.4.8)
we have
['0)©y =T'(4) (1.4.9)

by Herglotz’s spectral representation theorem. That is
I'(j) = / e dF (w). (1.4.10)
Thus we have
o =I'(0)7'T'(5). (1.4.11)
Also, we can extend this full autocorrelation case to any one element case in the
same way. (See Numerical Study above.)
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1.4.4 Program

2 2

As an example, the program with the true 6y = 0 is given below. ” —” shows the
code depending on the program.

Clear["Global ‘*"]
Combine[P__] := MapThread[List, {P}];
varfil[P__] := Reverse[{P}];
order[P__] := Length[varfil[P]];
innov([s_, P__] := Join[ConstantArray[0, {order[P] - 1, 2}], s];
VAR[s_, P__] := (Clear[X]; X = {s[[111}; X = innov[X, P];

For[i = 1, i < Length[s], i++,

X = Append[X,

Total [MapThread[Dot, {varfil[P], Take([X, {i, i + order[P] - 1}]}]] +
s[[i + 1]11]]; Drop[X, order[P] - 11)

T = 300;
z1 = RandomVariate[StableDistribution[1, 1.5, 0, 0, 1], TJ;
z2 = RandomVariate[StableDistribution[1, 1.5, 0, 0, 1], TI1;
z = Combine[zl, z2];
A = {{0.7, 0}, {0.1, 0.5}};
Eigenvalues[A]
VAR[z, A];
d = Length[X[[1]]];
1=1;
elr_, n_] :=Table[E"(2Pi I (r - 1) (s - 1)/T), {s, 1, n}]
Periodogram[x_, r_, a_] :=
T~(-2/a) Outer[Times, e[r, T].N[x], Conjugatelelr, T].N[x]]]
filter[P__] := -{-IdentityMatrix[d], P}
fitar[P__, r_] := (F = filter[P];

Transpose[Total [MapThread[Times, {F, Conjugatele[r, Length[F]]]}]]].Totall

MapThread[Times, {F, el[r, Length[F]]}]])

M[x_, P_, r_, a_] D[Tr([fitar[P, r].Periodogram([x, r, al]l, t1]
MList[x_, P_, tr_, a_] := Chopl[Table[M[x, P, r, al, {r, 1, T} /. {t1 -> tr}]
B = {{0.7, t1}, {0.1, 0.5}}
eclw_, n_] := Table[E"(I (s - 1) w), {s, 1, n}]
Spectral[x_, P__] := (G = filter[P];

Inversel[

Transpose[Total [MapThread[Times, {G, ec[-x, Length[G]]}]]].Totall

MapThread[Times, {G, ec[x, Length[G]]}]]])

InvSpectral[x_, P__] := (G = filter[P];

Transpose[Total [MapThread [Times, {G, ec[-x, Length[G]]}]]].Totall
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MapThread[Times, {G, ec[x, Length[G]]}]])

tr = Chopl[
t1 /. (FindRoot[
D[Integrate[Tr [InvSpectral[x, B].Spectrallx, A]]l, {x, -Pi, Pil}], t1] ==
0, {t1, 0.701}1)[[11]]

Mtrue = MList[X, B, tr, 1.5];

p = Total [Mtrue] /T
q = Total [Mtrue~2]/T
R = (T/Log[T])~(2/1.5) (p~2/q)

w13 = Simplify[(D[InvSpectral[x, B], t1] /. {t1 -> tr})].Spectrallx, A];
w = Integrate[Tr[w13.w13] + Tr([w13] Tr[wi13], {x, -Pi, Pi}]/(2 Pi)
v := Tr[wl3]
VBla_] (= (k =1; S =-1; s = 1;
While[(s > S/1000 || s == 0) & k < 20, S =S + s;
s = Abs[Integratel[v Cos[k x], {x, -Pi, Pi}]]1~(a); Print[s]; k++]; S)
Vla_] := (VB[al)"(1/a)/Pi
kola_] := If[a == 1, 2/Pi, (1 - a)/(Gamma[2 - a] Cos[Pi a/2])];
YO[a_] := StableDistributionla/2, 1, 0, (kol[a/2])"(-2/a)];
Z0[a_] := StableDistribution[a, 0, 0, (kol[al)~(-1/a)];
Quant = Quantile[(RandomVariate[ZO[1.5], 10000]/
RandomVariate[YO[1.5], 10000])~2, 0.90]
Val = V[1.5]
confi = Quant Val~2/w
{0, confi}
gl = Plot [{(T/Logl[T])"(2/
1.5) ((Total[MList[X, B, t, 1.5]1/T)"2/(Total[MList[X, B, t, 1.5]°2]/
T)), confil}, {t, -1, 1}]
FindRoot [(T/Logl[T]) "~ (2/
1.5) ((Total[MList([X, B, t, 1.5]1/T)"2/(Total[MList[X, B, t, 1.5]°2]/
T)) == confi, {t, 0.1}]
FindRoot [(T/Logl[T]) " (2/
1.5) ((Total[MList([X, B, t, 1.5]1/T)"2/(Total[MList[X, B, t, 1.5]°2]/
T)) == confi, {t, -0.2}]
Show[gl, PlotRange -> {{-0.1, 0.1}, {0, 1}}]

a = Choplt /. %---[[11]]
b = Choplt /. %---[[1]1]]
b-a
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Chapter 2

Asymptotic Moments of the
Self-normalized Sum

Abstract

We give a general and explicit formula for the moments of the limiting distribu-
tion of symmetric self-nomalized sum of i.i.d random variables, which belong to
the domain of attraction of a stable law. The result shows that the finite order
moments for symmetric self-normalized sums are always finite. As an application,
tail index can be estimated through our result by using moment estimators.

2.1 Introduction and preliminaries

The self-normalized method has been focused on in these two decades, and many
interesting results are obtained. (See Logan et al. [1973], Griffin and Mason [1991],
Kliippelberg and Mikosch [1996], Pena et al. [2009].) In this paper, we extend the
result for the moments of symmetric self-normalized sum in Logan et al. [1973] to
a more explicit one.

Consider a sequence {X;}i—1, , that X;’s are assumed to be independent and
identically distributed and belong to the domain of attraction of a stable law G,
the parameter of attracting stable law G is denoted by a. More specifically, we
assume that the density function g of the stable distribution G satisfies

*g(x) = r, Mg(—2) =1, (2.1.1)
where 0 < a < 2, r+1> 0. Also U,, and VP are defined as

_X1_|_..._|_Xn
o nl/a

U, (2.1.2)
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and

o KR
n n2/a ’

To have the limiting distribution of S,,(2) (= U, /V,,) exist, we further assume that

(2.1.3)

EX;=0 ifl<a<?2. (2.1.4)

The limiting distribution of S,,(2) is denoted by S(2).
It is shown in Logan et al. [1973] that if a # 1, the moments of S(2) can be
derived from

1 o0 o0
- / o(t)e ™ dt = / e~ PRD(t) dt, (2.1.5)
T Jo 0
where
o(t) = B! = lim Ee'Sn 1 (2.1.6)
n—oo

the characteristic function of the limiting distribution of S(2), and

1/2 TDO[,Q(—’L't) + lDa,Q(Z't)
rDo(—it) 4+ [D,(it)

D(t) = (1 — )27 %) (2.1.7)
D, (z) (z € C) is the parabolic cylinder functions. (See Magnus and Oberhettinger
[1954].) Here are two important properties of parabolic cylinder functions for
calculation.

d z
ED,,(Z) — §DV<Z) + Dyy1(2) = 0; (2.1.8)
D)+ DuE) D (z) = 0. (2.1.9)

The calculation of the moments depends on the expansion of (2.1.5). We first
decompose the left hand side into the form of power series.

1 > —st - 1 * o Sp(k)((D k _—st
—/0 o(t)e*tdt = —/0 ZTte dt

™ ™

o

&)1 [
_ Z 14 (0)_/ tho—st qt
k' m ),

k=0

©®(0)s7F L. (2.1.10)

[
NE
5| =

>
Il
<)
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Secondly, the right hand side of (2.1.5) can be written as follows.

/ €_S2t2/2D(t)dt — Z D kl(o) / e—s2t2/2tk dt
0 : 0

k=0
< DWO) [ . [(2u\: 1
- Z [ c'\2) T
o k! 0 S sv2u
=, D) 1 1
= k‘(O)Q’“zF(%)s—k—l. (2.1.11)
k=0 ’

Equating coefficients of like powers of s7! in (2.1.10) and (2.1.11), we can see that
DH0) e k41
T2 2 F(T)Tr

The main purpose of this paper is to derive a general and explicit formula to
calculate the moments of the distribution S(2) when r = [.

E(S(2)%) = i*o®(0) = (2.1.12)

2.2 The Main result

We assume X;’s are symmetric, i.e., r = [, then D(t) becomes
1/2 Dy _o(—it) + Dy _o(it)
D, (—it) + D,(it)

For symmetry case, we simplify the notation of the limiting distribution S(2) by

S.

Theorem 2.2.1. Let S be defined above. Then for any m = 1,2,..., B(S*™!) =
0 and

D(t) = (1 —a)(2r?) (1 —a)2r ) V2A(1). (2.2.1)

(2m — 1)!! om = mkA%()
) (DL (0) D™ e

B(§?™) = D2 (0)3,

(2.2.2)
where A®®)(0) satisfies A(0) = Dy_2(0)/Dy(0) and

AE(0) = %Q(DS@(O)—DS’Q(@)% e l)))?! (LD o)
= (2.2.3)

Furthermore, suppose
DEV(©0) = (k) + D _n’ (k) (2.2.4)



then (k) satisfies

(k) == >0 (’“;t)uk*ta«— 1)+ Z=Lpi(k — 1) for j > 0;
()= ((-0* + Tk, B,

v (k) = Zi‘;{“%u Wk —1)—kvi(k—1) forj>2;
(0)=1,17(0) =0 for j >2; 1°%k)=0 for any k > 0;

(7’ (k) =0 for j >k;  n*(k) = (—=1)" for any k > 0.

(2.2.5)

Corollary 2.2.2. The finite order moments for self-normalized sum of i.i.d random
variables in the domain of attraction of a stable law are always finite.

2.3 Proof of Theorem 2.2.1
Set
Ay(t) = D,(—it) + D, (it), (2.3.1)

then . ‘
Da_g(—lt) + Da_g(lt) . Aa_g(t)

Do (—it) + Dy(it) — Al(t)

From (2.1.12), the moment of the limiting distribution can be simply written as

A(t) = (2.3.2)

(k- 1)1

E(S*) = i i*(1 — ) AP(0). (2.3.3)

Note that £D,(—it) = —iLD,(z)

- and 4D, (it) = iLD,(z)| , it is

z=—1it = z=it

obvious that

d" 0 if k is odd;
Ar(v —A,(t = 7 2.3.4
#(v) dtk *) t=0 {(—1)"“/22D,(,k)(0), if k is even, ( )
where Dl(,k)(O) = %Dy(z)‘ . To prove the first statement, we use a recursive

formula for nth derivative.

Lemma 2.3.1 (Xenophontos [2007]).
u(z) (n) 1 )(nt1-5) u(z) (—1)
(U<$>) B U(.I) ( |Z n + 1 _ ] ] _ 1) ( ($)) . (235)
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Applying the formula to the case that u(z) = Aq—2(x) and v(z) = A, (z), we
have

A<2’f>(0):L(A2k(a—2 — Agi(a Z( )AMD () AP (0).  (2.3.6)

-«
The first result is straightforward from (2.3.3).
Next, we show the second half of Theorem 2.2.1. Differentiating (2.1.8) and
(A.14) iteratively, we have

DM (z) — %DS’H)(z) - %zﬂ 2(z) + DYV (2) = 0; (2.3.7)
DI(=) + 5 DI (=) + %D,S“)(z) — DY (z) = 0. (2:3.8)
Thus Dﬁk)(O) can be derived from
D(0) = %DS‘"”(O) — D% Y(0); (2.3.9)
DW(0) = —%Dfﬁ”(o) +vD%(0). (2.3.10)

In the case when k is odd, rewrite 2k 4+ 1 as k, then

v

2k —1 _
D(2k+1)(0) _ —k:D(%*l)(O) +u( 5 Dl(i/’c1 2)(0) — Dl(/2kf1)(0))

— _ID 2k 1) (2k—2l+1)(0>+y

k
D
”lzl 2k:—2l+ "21—1 v

2k:

This is a recurrence formula for D,(,%H)(O). If we can expand it, then it must be
the product of a polynomial of v and D, _1(0). Let v/(k) denote the coefficient of
v/ in the case of (2k + 1)th derivative.

For the initial values, we can see that v!(0) = 1, 17(0) = 0 for all j > 2 and
VO(k) =0 for all £ > 0 from (A.14). After some painful calculation, we have

k k-1
vik) = k! ((—1)’“ +) e 1;;(,_1) ) ; (2.3.11)
=1 )
k—j+2 B . .
o) = =3 o (?51_11))!)!”2l_1w1(l<:—l) Rk — 1) for j 23.12)

From the recurrence formula, one can see that the highest degree of the polyno-
mial is k4 1, which can be shown by the induction. Using this property reversely,
one also can see that v/ (k) = 0 for any j and k satisfying j > k + 2.
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Corollary 2.3.2.

VR = (1), k) = (—1)’f§. (2.3.13)
Proof. Applying this result to (2.3.12),
(k) = (k- 1) (2.3.14)
holds, and since the initial value '(0) = 1, we have
VA (k) = (—1)". (2.3.15)
Also applying the result to v*(k),
vi(k) = vk —1) — % (2.3.16)
which implies
VR (k) = (—1)‘“%, (2.3.17)
since 1(0) = 0. O

On the other hand, when k is even, rewrite 2k 4+ 2 as k and we have

2k +1

D(2k+2) (0> —
v 2

D™ (0) — DEI (0)

Here, let 1)’ (k) denote the coefficient of 17 in the case of 2kth derivative. Then we
have

k—j

. k—t\ ., % 1 |
(k)= — ; ( ; )V (k—1)+ 5 n(k—1) forj>0. (2.3.18)
From (2.3.15), n/(k) = 0 if j > k and n*(k) = —vF(k — 1) = (=1)". O

2.4 Examples

2.4.1 Mathematica code

This section provides Mathematica code. The functions f(j, k) and ¢(j, k) denote
the function v/ (k) and 7’(k) in the previous section, respectively. The function
A(n,a) is corresponding to 1/2 As,(«r), while C'A(n,a) represents the function
A" (0) above. Lastly, function M (n,a) indicates the 2nth moment of the limit
distribution S.
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fl1, k] :=
k! ((-1)"k + Sum[(2 1 - 1)!!
flj_, k] :=
If[j == 0, O,
If[k <= -1, 0,
If(k > -1 && j >= 2,
-(2k - 1)!! Sum[

-1)"(k - 1)/@2°1 1, {1, 1, k}]);

flj -1, k-11/((2k - (21 - )11 271 - 1)), {1, 1, k - § + 2}]

-k f[j, k - 11117;
gli_, k.1 :=
If[j > k, O,
If[j ==k, (-1)°k,
If[k > 0, -Sum[

Binomiallk - t, j] flk - t, k - 1], {t, 0, k - j}] + (2 k -

1) glj, x - 11/2, 0111;

Aln_, a_] := (-1)"n g[0, n] + (-1)"n Sum[glt, n] a~t, {t, 1, n}];

CAln_, a_] :=
If[n > 0, (Aln, 2 - 2] - A[n, al)/(1 - a) -

Sum[CA[t, a] Binomial[2 n, 2 t] A[n - t, al, {t, 1, n - 1}], 0O];

Mn_, a_] :=

Simplify[(2 n - 1)!!1/(2 n)! (-1)°n (1 - a) CA[n, al, a > 0];

2.4.2 Some results and knowledge

Using the code above, we obtain the general result for the moments of symmetric

self-normalized moments and some special cases of @« = 0.5, « = 1.5 and o = 2.

Table 2.1: The 2k(k = 1,...,6) th moments of symmetric self-normalized sum for

the case of « = 0.5,1.5,2

k| E(S%*) a=05|a=15|a=2
111 1 1 1
21+« 1.5 2.5 3
3|1+ 3a+2a? 3 10 15
1 1/3(3 + 200 + 34a% + 179 7875 | 55.625 | 105
5| 1/3(3 + 40 + 130a? + 15503 + 62at) 26.25 397.5 945
6 | 1/15(15 + 383c + 211802 + 4514a° + 41460 + 1382°) | 106.838 | 3471.56 | 10395

When a = 2, the limiting distribution S is standard normal distribution. From
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Table 2.1, we can see the result is corresponding to the moments we can obtain
from other methods.

Hill’s estimator is proposed to be an estimator for tail index. As an alter-
native to it, we can apply the result above to the derivation of the tail index
after calculating the asymptotic moments for the self-normalized sums by moment
estimators.

Auxiliary results (1) — Al(,k)(O)

T
MO T
ADO) = 0
AP0) = ZELA0)(= 40)A0))
AP0) = 0= A3(v)
AP0 = R 4 0)(= A0 AL0)
AD(0) = 0= A5(v)
AP() = PEEERED 4 0)(= A6()A,(0))
Auxiliary results (2) — A®)(0)
C Aa(0) 1
AO) = AL(0)  1—-a
AD©0) = 0
AB(0) = _1304
AB0) = 0
e 0) = 810z_+a8
AP 0) = 0
A®(0) = —9602 1—_14;104—48.
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Chapter 3
Rank-based Method

3.1 Introduction

3.1.1 ARMA model
The process {X;;t € Z} which satisfies

p q
X =Y aXii=e+ Y be; forallt€R,
=1

=1

are concerned in the paper. Denote the density function of e; by f(z), and the
common distribution of (e1_g, ..., e0; Xi—p, ..., Xp) by gn(-;0), where 6 € © is the
underlying parameter.

Remark 3.1.1. One can see that

n

Gn(10) = gole1—g, - -, €03 Xo; 0) [ [ fle{erg, ... Xi}),

t=1
where
t p q—1 s
erm X = A (— 5 X> S (z 5t+s_kbk> |
k=1 =0 s=0 k=0

Remark 3.1.2. Using the representation of the common distribution above and
Lemma 2.2 in Appendix, we have

APy _ go(ei—g,-- -, Xo30) ﬁf(eg?—( —00)Z(j — 1;0,6p))
dpn,GO gO(el—q7 s 7X0; 60)



With the following additional abbreviation,

f(e;(00) — (0 —00)'Z(j —1;0,6))

$%(6o,0) = |
0 75 (60))
we have
dP, ¢ go(€1—g,- -, X0;0) n
lo — =1lo 19 log 6:(0o. 0).
& dPn,eo & g()(el_q ..... X0 90) ]2—; g ¢]( 0 )

3.1.2 Assumptions
Assumption for stationary and invertibility and etc.

(S1) The polynomials A(z) =1+ > 7 | —a;2" and B(z) = 14 >.7 | ;27 have no
zeros with magnitude less or equal to one.

(S2) The two polynomials have no zeros in common and a, # 0 or b, # 0.

Assumptions for LAN
(A1) f(z) >0,z €R; [T af(x)de =0; [ 2?f(z)ds = 0? < o0;

(A2) f is absolutely continuous on finite intervals, i.e., there exists f such that for

all —oo < a<b<oo, f(b)— fla) = f; f(x) da;

(A3) letting ¢y = —%, the generalized Fisher information [% ¢%(z)f(z)dr =
If = O'_Q.'Zf1 is finite.

(A4) the score function ¢y is piecewise Lipschitz, i.e., there exist a finite partition
of R into nonoverlapping intervals Ji, ..., J; and a constant Ay such that

9(7) — ¢r(y)| < Aflz —y|  Vao,y€ J,Vi=1,... k.

3.1.3 Interpretation of the assumptions

(A1)-—(A3) The LAN result holds under these assumptions;

(A4) This assumption induces that the influence of starting values on residual
autocorrelations is to be asymptotically negligible. In other words, it can be
shown that

Eo| A(8) = Au(8) | = o(1)
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holds true, where

TR Zj Y(j— k)
SO = 2 #((0) — e (E(j —k; 9)) ’
and

€ 1= Z Br1(Xip1-k — a1 Xy — -+ — apXig1-k—p).
k=1

3.2 Asymptotic Normality of Rank Statistics

3.2.1 Asymptotic Distribution of Likelihood Ratios
Under assumptions (A1)-(A4), we have the following results:

Proposition 3.2.1. Under Hy,

dQ
log Ln(Xy, ., Xn) = L(X1, ., Xp) = 5 + 0,

where
n

LYX)=n""2 )" d)(Xt)idiXH
i=1

t=p+1

a; + b; 1 <i < min(py,p2)
di = 4 a; p2 <1<y ifp2<pr
b pL<i<p if L <ps
p=max(pr,ps) and & =" 262I(f).

i=1""

Moreover, £2 % N (0, d2).

The form of this asymptotic distribution shows that, for n sufficiently large,
there will be little difference, from a statistical point of view, between AR, MA

and ARMA models!!

3.2.2 Asymptotic Distribution of Linear Serial Rank Statis-

tics

In the paper, the authors proposed the linear serial rank statistics for the models

as follows: .

Sn - - CLn(REn)’ Rzgi)h ety Rgri)p)a
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1
L= E[S,|H™] = (it i)
m [Sn|Hy '] n(n—l)---(n—p)K,#; <a(21 ipt1)
<t1FFipp1<n

The authors established the asymptotic equivalence of (n — p)*/3(S, — m,,) with
S, — &, where

Sn(X) = ~l1/2 Z J(F F(Xi1),. o F(Xip))
(n—p)'/”

S e ) BN o

> JFEX), . F(X,).

1<t1##tpr1<n

It is also established that n=/2(S, —&,) and n=*/2L° are asymptotically equivalent
to U-statistics.

Proposition 3.2.2. Under Hy,

() AN (s o) (a5 doinin))

where
VQZ/ [T (Vpy1, -+ 7111)]2dvl---dvp+1
[0,1]p+1

+22/ H(Opsts 1) T (Upaagy e vy )dor - dopagg (3.2.1)

1]p+1+]

and

C; = /[ - T (Opg1, -+, 01) D OF Hvpr1—5)) F ™ (Upga—ji)dvy - - dvp s
0,1]7
Proposition 3.2.3. Under Hy,

V(S —my) % N(zp: 4;C;, V?).

=1

3.2.3 Asymptotic Efficiency of Linear Serial Rank Statis-
tics

Proposition 3.2.4. An asymptotically optimal linear serial rank test for Hy against
Hy is provided by any statistic S¢ with score-generating function (up to additive
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and multiplicative constants) given by

p

Jd(Uerla ) = Z P+ 1 — ]Z:¢ (Vps1-)) (Uerl*j*i)-
Under Hy(h € RP),
n'/2(84 — mdy & N Zhda (f),V2),

d;o?1(f).

2 _
where Vi =) . d:

This optimality result relies on the following lemma.

Lemma 3.2.5. Let S, be a linear rank statistic with score-generating function
J*(Vpt1,- -+ ,01), and let

p

Jo (Vpg1, -, 01) = (0*1(f))” Zp—l— 11— Z¢ Up+1 )F I(Up-‘rl—j—z')-

Denote by S° a linear serial rank statistic associated with Ji. Then e(S,,S°) <1
for any alternative HC.

Proposition 3.2.6. Under Hy,
\/ﬁTl 0 dl
Y 5 , I '

vnr, 0 d,
log L, SIS 202I(f) d ... dy S 2e2I(f)

hS]

Corollary 3.2.7. Under Hy,
P . p P
n'/? Z apTE — N(Z ayd;, Z al)
k=1 i=1 i=1

3.3 Appendix

3.3.1 Formulas
65 + blﬁs—l + -+ bqﬁs—q =0 forVs Z 1.
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(14 by L+ -4 b, L9)~ ZﬁkL’“

€ = kZﬁk—l <_Zaz Gl —k— z) +Z€— (kz 5j+s—kbk> :
=1 =0

1=0
Z Br-1 (Zb €i+1—k— 2) = Ze—s (Z ﬁj+s—kbk> .
k=j+1 5=0 k=0
q—1 s
Zﬁk 1 (Zb€j+1 k- 7,) = €jp1—k — Z (Z 3j+s—kbkz> -
s=0 k=0

Z CLZ-OXt_i = Z bg€t,i(6’0).
=0 1=0

Appendix A: Mathematics amd Time Series

A.1 The Inverse of Partitioned Matrices

For generality, write matrix F' as

Fi Fio
F= .
(F21 F22>

The inverse of partitioned matrices is shown as

el (Fn + F111F12F22 1{21]71_1 —F1_11F112F2_2.11)
F22 1F21F11 F2_2-1 ’

where
Fooq = Fyy — leFﬁlFm-

As an exercise, write matrix GG as

_(Fi' 0
(1)

39



Then

(F1'—GF(F'-G) = (F'-G) ( 0 0)

R FS T
_ (Fi'FuFpi FaFy' —Fi' FoFy), 0 0
—Fy Py Fiph —FnFy' 1
_ (FR' Pl  PnFy' —FR' FpFy)
—Fyp P P! Fyly

= F'-@

A.2 Discrete Functions and Continuous Functions

Theorem A.1. If f is a real-valued function defined on [0, 00) such that sup{ V' f :=
1,2,...} < oo, then Y i, f(k) and [;° f(t)dt converge or diverge together.

note. Of course, the spectral density and periodogram are real-valued functions
defined on [0,00). It means that m we defined in the paper is also real-valued
function. What does V mean? Let me check!

Theorem A.2. Let [ be a nonnegative function defined on [0,00). Then > >, f(k)
and fooo f(t)dt converge or diverge together provided

sup{ Vy'f :n=1,2,...} < o0,
where V' f denotes the total variation of f on [0,n]

Corollary A.3 (Pélya p.37). If a function ¢ ha finite total variation V on [0, 1],

then X .
| at@rar =23 o)

k=1

1%
< -
n

Calculation. If f is a function satisfying condition (5),
sup{Vy'f :n=1,2,...} < o0,

then we have

n

/0"f<t>dt—2f<k> - / fn)de =S (k)

k=1

_ n[/olgn(x)dx—%kzi;gn (%)]

where g,,(x) is, by definition, equal to f(nx) for all z in [0,1].
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Theorem A.4 (Hardy(1910)). Let f be a nonnegative function which is defined
and has a continuous derivative on [0,00]. Then Y7, f(k) and [;° f(t)dt con-
verge or diverge together provided

/Ooo|f’(t)|dt<oo.

Other Results

(3) N
> sup{|f(k) = f(t)] 1k —1 <t <k} < oo
k=1

(6)
!Zf(k)—/o FOd <VEf n=12,. ...

(7) } )
/0 ity dt =S Fk).

A.3 Holder’s inequality

Let (5,3, 1) be a measure space and let 1 < p,q < oo with p~! +¢~! = 1. Then
for all measurable functions f and g on S,

1 glly < [1fllpllgllq- (A1)

A.4 Uniformly Integrability

Definition A.5. A sequence of random variables {X,,} is said to be uniformly
integrable if
Jim sup B (| Xa[lqx,2x) = 0.
The necessary and sufficient condition for uniformly integrability is given as
Lemma A.6. {X,} is uniformly integrable if and only if

1. Supnzl En|Xn| < 00,
2. For any sequence of sets {B,} with B, € A,,
P.(B,) = 0= Ep, (| Xu|[1¢5,}) = 0.

Remark A.7. Uniform integrability in conjunction with convergence in distribu-
tion impies convergence of moments.
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A.5 Example of Residual Theorem

Calculation

z+1

/1 ! de = 7 (A.2)

As what we are taught in the calculus course, you can easily answer this ques-
tion. The answer is

1
1
/0 po] dx = [log(x + 1) ], = log 2. (A.3)

What we will do here is to apply the residual theorem to it! Let us consider
the integral is on the complex plane, and we choose the integral path as follows.

05 —

—

- ~

03

ny
0.l ifll I'.
[ '|
1 1 1 1 1 J
02 04 .6 0.8 o
Then,
1 T - 10 T - 10
1 1/2
/ dx:—/ /2ie .d@:—/ i
o T+1 o L+1/2+1/2¢" o 3+ le?
1
1 1
3 W [log(3+y)]_, = log (A.4)

The most important formula for calculating the integration of spectral density
is Formula 1.1 in the following.

Formula 1.1

/2” o 2 (A5)
o a+bcosh  \aZ_p2 '

To derive the formula, you only have to think about the singularity in it.
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A.6 Time Series Model

We will give some examples of integration of spectrums to look at how powerful

residue theorem is in time series.

MA (1)

12

_ / (1—=0z)(z—0) I
|z|=1

122

/W (14 0e™) (14 e ) dr = / (1—62)(1—6/2) &
|z]=1

= 2m- Res(fMA(l), O) = 271'(1 —+ ‘92)

Formula 2.1

2 ™
o (14 0e™) (14 =) d\ = o*(1 + 6%) (A.6)
A7 AR(1)
[ .
. (1 —=0e?)(1 — fe=) S (L +02)(1+0/2) iz
Y
S U 02) (2 +0)
— 2ri - Res(f —0) = 2
= ux; E€S(JAR(1)» = 1 —92'
Formula 2.2
2 ™ 2
? ! 7 (A7)

o ) T—temi—gem P =1
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A.8 ARMA(1,1)

/” (14 0e™)(1 + =) D — / (1-02)(1-0/2) dz
—x (1= ¢e?)(1 = ge) =1 (L4 02)(1+ ¢/2) iz
_ / (1-02)(z—0) d=
=1 (1+92)(z + @)z i
= 2mi(Res(farma(), —¢) + Res(farma(n), 0))
1+ 209 + 62
12

2

Formula 2.3

2 s i 1 —iA 1 9 2

U—/ (1+6e7) (L +0e7™) |\ _ el W0+ (A.8)

2 | T om0 o) e
A9 AR(2)

/7r 1 dA
- (]_ — QleM — 926i2>‘)(1 — 616_i>‘ — 826_i2>‘)

_ z -

B e (L+ 012 — 0222)(22 + 012 — 0a) i
Note that the roots zy of 22+6,2—05 = 0 lies in the unit circle, and 23 = —6,2.+0,
then

1+ 612_ - 9223 == (1 — 9%) + (1 + 92)‘912_ = (1 + 02)(1 — 62 + 912_). (Ag)
Note again that z, + 2z = —6; and z, 2. = —6s,

(equation above) = 2m(Res(far(2),2+) + Res(far(), 2-))

2”((1 BTG BT o Yoy G T R S oo T z+))
1-— 92

= 2
T+ 0, [(1— 622 —67]
Formula 2.4
o [T 1 Dy — (1 —6y)0?
21 ) (1= 01e™ — 036®) (1 — B> — foe ) (14 6) [(1 — 62)% — 62]

(A.10)
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A.10 Estimation to the Model with Infinite Variance

Fit the model
B(L)Xt = Oé(L)Zt, t c Z,

where (L) =1—-5L—---,5,L*, a(L) =1+a1L+---+alL? and L is backshift
operator. Here, the process is not assumed to have an ARMA (p,q) representation.
Denote the parameter

0= (B, s By, ay).
The natural space which contained the parameter is
O ={0 R : 3, #0,a,#0,53(z) and a(z) have no common zeros, «(z)3(z) # 0 for |z] < 1}.
Let g(A, #) be the power transfer function
a(N)

(A)

2
)

g()" 9) =

and I~n7 x the self-normalized periodogram

j’ X(A) _ |Z?:1 )(te_i)\t|2
n, Z?:1 th )

In K&M (1995, 1996), the true parameter is defined as 6, and if 6, € O, then the
estimator

—r < A<m.

0, = ino? (0
argmin o, (0)

2 _ " in,XO‘)
o:(0) = /7r 90 0) dA.

Theorem A.8. Suppose that (X;)iez is a general linear process (2.1.5) and as-
sumptions (A) and (B) hold. Moreover, assume that the function

is consistent, where

T
h(0) = dA
) = 9(A,0)
has an absolute minimum 6y in the parameter space ©. Then
6, % 6,
and
02(6,) & 21 2h(6y),
as n — oo.
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In the same paper, K&M gave the more general theorem as follows.

Theorem A.9. Suppose that (X;)icz is a general linear process with representation
(2.1.5) and (Z;)iez are i.i.d. symmetric such that

n~te Z Z, 5y, (Y is symmetric a-stable)

t=1
holds for some a < 2. Moreover, suppose that the function h has an absolute
minimum 0y € ©. Then

1/a 0o
n 1
< > (0, — o) 2 4r W 71(90)—% ;:1 Y.bg,

logn

where Yy, Y1, ... are independent random variables, Yy =4 SQ/Q(C;/Zza, 1,0) is pos-

itive a/2-stable, (Y;)ien are i.i.d. sas with scale parameter o = e, W=(6o) is
the inverse of the matriz
82 %9 (A, b)
W (6) dA\

and, for k € N, by, is the vector

1

b = 7 _sz (A )

g7 (A, 6o)

dA
00 ’

where g—' denotes the reciprocal of qg.
In the case in which (X;) is an ARMA process with true parameter vector 0y,
the matriz W(0y) can be written in the standard form

W (60) — /7; [alogg(eA,eo)] {8logg(€)\,60)}'d>\’

which is common for the Whittle estimator with a Gaussian limit.

A.11 Generalized Theorems in Linear Models

Here, the model is vector-valued and is represented by

(

ZG(j)e(n —J), neZ
(s%1) (s*xp) (px1) (A.11)
E{e(n)} = 0
| E{e(m)e(n)'} = o(m, n)K
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Assumption A.10.
> wG(HKG(j) < oc. (A.12)

J=0

Under this assumption, the process {z(n)} is a second-order stationary process.
The spectral density matrix of the process is shown as

Flw) = %k(w)[(k(w)*, r<w<n (A.13)

Theorem A.11 (Hosoya-Taniguchi(1982) Thm 2.1). {z(t)}: zero-mean second-
order stationary process. Fy = Fi.
Assumptions:

1. Ye > 0, Var{E(x,(t + 7)|F)} = O(7727°) uniformly in t, fora =1,...,p.

2. ¥Yl,m >t, Vn >0,
E|E{za(l)zs(m)|F)} — E{za()zs(m)} = O{min(|l 2|, [m—t])} "] uni-
formly in t, fora=1,...,p.

3. Any element of f(w) = {fap(w); o, 6 =1,...,p} is continuous at the origin;
f(0) is non-degenerate.

Result: &y = N72 32N x(n) — N(0,27f(0)).
Theorem A.12 ((HT) Thm 2.2). B = B.(t).

Assumptions:

1. vﬁl?ﬁ%ma\V/G > 07
Var[E{es, (n)es,(n+m)|B(n—7)} — d(m,0)Kp,5,] = O(7727%) uniformly in
n.

2. Vn >0,

E|E{eg, (n1)es, (n2)eveta; (3)ep,(14) [ B(n1—7) } = E{eg, (n1)es, (n2)€vetas (n3) €5, (na) } =
O(T=1="), uniformly in ny, where ny < ny < ng < ny.

3. fap are square-integrable.
4 Z;lo’jz,j?’:_oo \Q%l_,_54(j1;j2713)| < 00.
Results:

1. \/N{C’flaz(m) —Z ., (m)} = N(0,...)
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Cov(VN{CZ,,,(m1) = 7L,y (m1)}, VN{CZ,, (m2) = 72,0, (m2)})
— 27T/ [fozloég (w)fazom (w) eXp{_i(mQ - ml)w} + fOélazl (w)faza:s (w) exp{i(ml + mQ)W}] dw

Z // exp{imiwi + imaws) ko, g, (w1)

B1;..,Ba=1

Koo (—w1 ) haa s (w2) Ky, (—w2) Q% g, (w1, —wa, wa) dwydws

Lemma A.13 ((HT) Lem 3.1). D(fr), f) = mingee D(f3, f).
Assumptions:

1. ©: (C R?) compact.
2. 01 # 02 = fo, # finetas-
3. fo(w): positive definite.
4. fo(w) is continuous w.r.t 0, w.
Results:
1.YfeP,3IT(f) € © s.t. D(fr(p), f)=mimnee D(fi, f).
2. T(f): unique, T(fn) —o f = as N = 00, T(fn) —w [
3. V0 €O, T(fy) =0.
Theorem A.14 ((HT) Thm 3.1). 31T(f) € ©° ;

™ 82 82
vy = [ [t s+ ggtosdec | o

where My 1s nonsingular matriz.

Assumptions:

1. vﬁl?ﬁ%mave > 07
Var[E{es, (n)es,(n +m)|B(n— 1)} — §(m,0)Kp,5,] = O(7727°) uniformly in
n.

2. ¥n >0,

E|E{eg, (n1)es, (n2)evetas (13)€s, (na) [ B(ra—7) } —E{eg, (n1)ep, (n2)€petay (3)es, (na) | =
O(r=1=m), uniformly in ny, where ny < ny < nz < ny.
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3. fsp are square-integrable.

4' Zf7j27j3=infty |Q681...B4(j17j27j3)| < 00,
5. f(w) € Lip(a) where o > %
Results:
1. p'limN—moT([z) = T(f)
2. as N — oo, VN{T(L) = T(f)} — N(O’Mf—lf/'Mf—l)' where

V= dr [ | 1) gy G} 163 il }
+2m Z // { = f3 (w )8f9uv<w2)} Qf pu (—w1s w2, —wp) don e,

rtau,v=1 0=T(f)

where 37 (w) is the (r,t) element of {fo(w)} ™!
Corollary A.15 ((HT)Cor 3.1).

V=ir [ | sty g | a

6=T()

v S S [ [ s )

a,b,c,d=1rtu,v=1 0=T(f)

kra(_wl)ktb(wl)kuc(_WZ)kvd(WZ)QZbcd(_wl> W, —Wa) dwdwy
Proposition A.16 ((HT) Prop 3.1).

Assumption:
cum{eamo,eb<n2>,ec<n3>,ed<n4>}:{"””gb’“‘“ I I )
Result:
=m0 ey <w>a%{ft<w>}1]”(f) v
+Z 5 | g ) |
E / KA | oy

49



In the case where f(w) = fyp(w) and @ is the innovation-free parameter, the
second term in the right-hand side will be 0. On the other hand, in the case
of f(w) # fo(w), even if (A.14) is satisfied, the quasi-Gaussian maximum likeli-
hood estimates for the innovation-free parameters are generally not robust against
the fourth cumulant. In the case s = 1, that is in the scalar case, the quasi-
Gaussian maximum likelihood estimates for the innovation-free parameters are
robust against fourth cumulant even if f(w) # fo(w).

A.12 Some Results for Unit Root Case

Suppose that {Y; : ¢ = 1,...,n} is generated by the first-order autoregressive

process
Y,=0Y, 1+e¢, Yo=0,t=1,..., (A.15)

where ¢,’s are i.i.d. N(0,¢?) random variables and
c
6 = —).
exp(-)

As a generation of the LSE 6 and écm,

. A A
Ocr o = < z;:2 t t2 - 50 C(1C2 > 0.
=2 Yi T Yy + Yy
2 (Y =) (Y - Y . <
901702 _ — Z_t:Q( t )( t_l ) _ , c1, Ca Z O, Y — Z}/};/n’
=2 Yi=Y) +eaY1-Y)?2+c(Y,-Y)? t=1
are supposed.
The hypothesis is supposed as
H:0=1 vs A:0€(0,1).
For the testing problem, the following tests are introduced:
V3 s
Kln = @ (661702 - 1), (A16)
t=2
Ko = —=(b 1); (A.17)
2n \/é c1,C2 ) ’

n_yo 1/2
K, = (Z ;_;1) (901702_1)7 (A18)

t=2

where 6% =n =t S0 (Y — 0, 0,Yi 1)
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Ornstein-Uhlenbeck process

Let J.(t) be an Ornstein-Uhlenbeck process

t
50 = [ exp{(t = o)c} aW(s),
0
which is generated by
dJ.(t) = cJ (t)dt + dW (t),
with initial condition J.(0) = 0.

Integrated process

For the process above,

when ¢ # 0, it is called a near-integrated process;

when ¢ = 0, it is called an integrated process.
We give Assumptions on the unit root case:

UR1) E(e;) =0 for all ¢,
UR2) sup, Eles|?*¢ < oo for some 8> 2 and € > 0,

UR4) {e;} is strong mixing with mixing coefficients «, that satisfy > >°_, am P <

Q.

(

(UR2)

(UR3) 02 = lim,, ;oo E(n152) exists and 0% > 0 where S, = 32'_ e,
(UR4)

Some famous results are given below.

Lemma A.17 (Phillips(1987b)). If {Y:} is a near-integrated time series generated
by (A.15), then, as n — oo,

1. n'2Y},y 4 aJ.(t);
2. Y Y S o ) J(t) dt
3. n_22t1Y2—>02f0 (t)%dt;

JonT S Yicrey 5 02 [ J(t) dW (1) +1 (0% —02) with 0? = lim,, oo n ™t Y1, B(e3).

Theorem A.18. If {Y;} is a near-integrated time series generated by the model
above, then, as n — oo,

A 1-2 -2 t)2dt — o%/o?
n(HChCZ _ 0) g ( C2 CfO 6/0- .
2[0 th
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Corollary A.19. If § =1 (i.e., ¢ = 0), then

w6, —1) & L2V ) oe/o*
e 2 [LW(t)2dt

Theorem A.20. If {Y;} is a near-integrated time series generated by the model
above, then, as n — oo,

A —2 1 —2¢9)T? + 4, TH — 2 —1)H? - 2HW (1) — 02 /0?
n(f—p) & 260+ (L= 20)T7 + ey (ate—1) W(1)—oal/o
2(G — H?)

where G = fo L(t)2dt, T = J.(1) and H = fo (1) dt.
Corollary A.21. If § = 1, then, as n — oo,

w1 2 (L= 2e0)TE +2(2e0 ~ VT Hy —2er + o = HR 02/
e 2(Gy — H2)

where G, fo )2dt, T,, = W(1) and H, = fol W (t)dt.
Theorem A.22. Under H, as n — 0o, we have

(1—2c)W(1)2 —1

d
Ky, — ; A.19
1 \/§ ( )
1—-2 1
Ky 2y 1202 WA" = 1 (A.20)
2V/2 [ W ()2 dt
1-2 12 -1
A CQ)W( F-1 (A.21)
fo 2 dt 1/2
Theorem A.23. Under A,, as n — oo, we have
1—-2 2_9 ()2 dt — 1
Koy 2 L2 202)Y ey’ : (A.22)
V2
1—-2 22 V2dt — 1
Ky, 4y (L= 202) Cf“ : (A.23)
2\/_ fo 2dt
1-2 2_9 t)2dt — 1
Ky, & L= 22 cfo . (A.24)

2<f01 Jo(t)? dtw

Appendix B: Regularly Varying Tail with Index «

Before introducing the stable random variables, we have to understand the scope
where the stable random variables dominate. The crucial concept here is ”in the
domain of attraction”.
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B.1 Domain of Attraction

€ is in the domain of attraction of a stable law with a parameter o and write
€€ R_,if

Ple>z) =ciz “L(z)(1 4+ oy (z)), x>0,¢1 >0, (B.1)
and

P(e < —z) = coo  “L(z)(1 + aa(x)), x> 0,c0 >0, (B.2)
with 0 < a < 2, L(z) a slowly varying function at oo and a;(z) — 0 as || — 0.
If L(x) = 1, then € is in the normal domain of attraction of a stable law with
parameter .

Another form for the random variables in the domain of attraction with distri-

bution function F' satisfies
x*Ple > x)=2*(1— F(x)) —» pC, x>0, (B.3)
2*P(e < —x) = 2°F(—x) = qC, x>0, '

which means

G = pC7 (B 4)
co = qC. '

B.2 Parametrization of stable distributions
Let Y be distributed as stable distribution S, (0o, 5, i), then its characteristic func-
tion is
Bt = exp{—o®|t|*(1 ;B’iﬁ‘(signt) tan ) .—i— int} a#1, (B.5)
exp{—o|t|(1 + == (signt) log|t|) + iut},

where o is the scale parameter, § is the skewness parameter and p is the location

parameter.
Stable random variables has an exact form of their tails, that is,
*Ple > x) = BhgoC,, >0,
r*P(e > x) 2153 x (B.6)
1*Pe < —x) = 520°Cl, x> 0.
Here C, is a constant depending on «, and
1 .
Ca — J I'(1—a)cos(ma/2)’ if o # 17 (B?)
2 if v =1.
Since0<a<2andI'2—a)=(1—-a)'(1 —a),
11—« :
Ca — J) T'(2—a)cos(ra/2)? if # 1’ (BS)
% ifa=1.

is used in some books.

93



B.3 Some Results

Assume that X and Y are independent and satisfy

PIX >t
Pl|X|>t] € Roq, pl_hmg exists
PIIX]| > 1]
and PIY > 1]
> .
PllY|>t]€R_w, p1= tliglo PV =] exists,

and 0 < a < 2.

For o < 2, these conditions are necessary and sufficient for the distributions
of X and Y to be in stable domains of attraction. Define X, = max(0, X),
X_ =max(0,—X) and similarly for Y, Y_.
Proposition B.1. Under each of the following conditions p = lim;_, %
exists and hence the distribution of XY is in a stable o domain of attraction.

(B1) P[X >t] =p P[|X]| > t] and either py = 1/2 or P|Y > t] = p P[|Y] > t].
In this case p = pip2 + (1 — p1)(1 — pa).

(B2) P[|X| > e'] and P[|Y] > €'] are both in S, and limy_,, % k < oc.
In this case

- (plEYf + (1 - pl)EYf‘) + (pQEXi + (1 - pg)EXf‘)
B E|lY|*+ kEE|X |~

(B3) Either P'T;Y'ftﬁ] — E|Y|* < 00 or P;fg(yjt? — EY? < o0, pr > 0. In this
case

_mEYP+( —p1)EY®
E|Y|«

(B4) E|X|*=E|Y|* =o00. In this case p = pips + (1 — p1)(1 — pa2).

Remark B.2. It is easy to see from (4) that the product of stable distribution is
in stable domain of attraction and another tail satisfies

g=1—p=pi1(1 —p2) +p2(1 — )

if you substitute —t for t above.

B.4 Point Process for the case of dependent variables

Let Fs be the collection of step functions on R — {0} with bounded support. We
have the following conditions:
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On sequence

(al) {Xj} is an i.i.d sequence of random variables.

(a2) {X}} is a strictly stationary sequence of random variables.

On random variables
The condition (bl) on random variables is:
P(|Xg| > 2) =27 *L(x) (B.9)

with « € (0,2) and L(x) a slowly varying function at oo;

P(Xk > I) P(Xk < —ZE)
—— 5y, = B.10
P(Xi>2) 1 P(Xi>a) ! (B.10)
asx —00,0<p<landg=1-—p.
On technical conditions
(cl) Let a, be defined as
ap =inf{z: P(|X;| >z) <n'}. (B.11)

(d1) The mixing condition is defined as

n r /7]
E exp (- Z (X, /an)> — (E exp (- > f(Xj/an)>) — 0 (B.12)

j=1

as n — oo for all f € F;.

B.5 Explanation

e (al) and (bl) are necessary and sufficient for the existence of normalizing
constants a,, b, for which (S, — b,)/a, converges weakly to some stable law
with index « (cf. Feller (1971)). They also imply that

P t
lim (Sn > tn)

——— =1 B.1
n—oo nP(X; > t,) (B.13)

for any constants ¢, satisfying nP(X; > t,) — 0.
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e (al), (bl) and (cl) imply that
nP(|X1| > apz) —» 2~ for all x > 0.
Or we can write it more implicitly,
nP(Xi/an € ) = p(),

where p is the measure

p(dz) = Adz) = apr™* g0 (@)dr + ag(—2)"* (w0 (2)dz,

and —, denotes vague convergence on R — {0}.
Define the point process
N, = Z 5X]-/an7
j=1

where ¢, represents unit point measure at the point x.
For any y > 0, define

(B.14)

(B.15)

(B.16)

(B.17)

My, ={peM: p([—y,y]°) >0 and p([—z,z]) = 0 for some 0 < z(= z,) < 0o}.

(B.18)

For p € My, let uy = max(0, largest point of p), g = min(0, smallest point of )

and z, = max(guy, ). Define a mapping on My by

Q= (2, plzy)).

(B.19)

The mapping €2 is continuous with range (0, 00) ><~]\~4 , where M = {u € M :
u([—=1,1]°) =0, u({—=1} U{1}) > 0}. Denote by B(M) the Borel o-field of M.

7= Mps p([=1,1)9) > 0p € (0,1]
Xn = io: CjZn—j'

Qy, = inf{a: cP(|Z0Zy| > 2) <n7! }

o0

z:|cj|‘S < oo forsome d<a,d <1
=0
> §=1, ifa>1
3" JePljl < oo with ne
Pl O<d<a fa<l.

o6

(B.20)

(B.21)

(B.22)

(B.23)



o(h) = —=, h> B.24
o=@ hzo (B.24)

where .
O(h) - ZXtXt-‘rh' (B25)

t=1

Further,
L CiCy
p(h) _ Z] 7Cj+h

=
2456

B.6 Theorems of Asymptotic Distributions

Theorem B.3 (Davis and Hsing [1995]). Assume that the condition (d1) holds
for {X,}, and N,, —4 some N # o. Then N is infinitely divisible with canonical
measure \ satisfying A(M§) = 0 and X o Q™' = v x O, where O is a probability
measure on (M,B(M)), and

v(dy) = yay™* " 00 (y) dy. (B.26)

In this case the Laplace transform of N 1is

exp {— | a- exp(—uf(y-)))owu)u(dy)} S feF (B2

Theorem B.4 (Davis and Hsing [1995]). Under the condition (d1) for {X,}, the
following are equivalent:

(i) N, converges in distribution to some N # o.

(ii) For some finite positive constant vy, k, P[ V| Xi| > apx] — 27, 2 > 0,
and for some probability measure O on M, P[3 7", 0x, /o x,))) € V1| Xkl >
anx] = O, x> 0.

In this case N is infinitely divisible with canonical measure A confined to My and
satisfying
Ao t=vxO0, (B.28)

where v(dy) = yay > dy.

Theorem B.5 (Davis and Hsing [1995]). Suppose that N, —4 N and N has the
representation given by Theorem B.3. Then vy .2 E|Q;|* < 1, where Y .2, d¢, ~
O. The equality holds if {N,([—1,1]¢)}2,} is uniformly integrable.
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Theorem B.6 (Davis and Hsing [1995]). Suppose that {X;} is a stationary se-
quence of random variables for which all finite-dimensional distributions are jointly
reqularly varying with index o > 0. To be specific, let 8™ = (9§m), li] < m) be
the ransom vector @ that appears in the definition of joint reqular variation of X;,
li| < m. Assume that the condition (d1) holds for {X;} and that

lim limsup P \/ | X;| > tan|| Xo| > ta, | =0, t>0, (B.29)
m—0o0 n—oo
m<|i|<rn

where a,, is defined above. Then the limit

E(|0g™ | — v, o8|
m—oo E"QO |a

exists. If v =0 then N, —4 0; if v > 0, then N,, converges in distribution to some
N, where, using the representation X o Q' = v x O described in Theorem B.3,
v(dy) = yay= "t dy and O is the weak limit of
B0 = V0 1) T (i Gy )
Trlbl—I>noo E(w(m)’a _ym w(m)|a>
0 j=11Y; +

(B.31)

as m — oo, which exists.

Theorem B.7 (Davis and Hsing [1995]). Let {X,} be a strictly stationary se-
quence satisfying (c1) and

Theorem B.8 (Davis and Resnick [1986]). Let { Z; } be iid satisfying (B.9) and
(B.10) with 0 < a < 2 and E|Z;|* = oco. Then, if a, and a, are given by (B.11)
and (B.21),

n

_QZZth ~7:1 ZtZt-H - ,un)v R a&r_zl (ZtZt+h - ,un)) = (307517 < '75}1)’

t=1 t=1

(B.32)
where i, = EZZ51(2,2,/<a,) and So, Sy, ..., Sy are independent stable random
variables; Sy is positive with index a/2 and Sy, S, . .., Sy are identically distributed

with index o.

Theorem B.9. Suppose X; = 7" c;Z;—; where {c;} satisfies (B.23) and {Z;}
satisfies (B.9) and (B.10), and E]Z1|“ =00, 0<a<2. Ifa, and a, are given by
(B.11) and (B.21), then for any positive integer [,

(@, an(p(h) = p(h) = dnn/C(0)), 1 <h < 1) = (Y1,Ya,.... 1)) (B.33)
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&

3

[
hE

(p(h + 3) + p(h = §) = 2p(h)p(1) Y G EZ1 251112, 25/<a,1,

1 %

(p(h+ )+ p(h —3) = 2p(5)p(h)S;/So),

.
Il

Y, =

NE

1

<.
Il

and Sy, S1,Sa, ... are independent stable random variables as described in Theorem
3.3. In addition, if either

case 1 0<a <1, or
case 2 o =1 and the distribution of Z; is symmetric, or
case 3 1 <a<2and EZ; =0,

then (B.33) holds with dy,, = 0, h = 1,...,l, and a location change in the S;’s,
Jj=>1

Theorem B.10 (Davis and Resnick [1985]). Let > ;- €, be a PRM(X\) on R\{0}
with

AMdz) = apr™ (g .00)(2)dx + aq(—2) " M (coooy(@)dz, 0<a<2. (B.34)

Suppose (B.9) - (B.20), (B.14), (B.22) hold with 0 < o < 2. Then for every
nonnegative integer L, as n — oo:

(DR-1)
(n/aZ)(7(0),4(1), -+ AD) = > _ 720> eician > cici)
=1 j=0  j=0 =0
(B.35)
and
(DR-2)
0 CiC;
p(l) — p(l) = % in probability. (B.36)
Jj=0"J
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Appendix C: Generalized Domain of Attraction

Let X be a real Banach space, that is, X is a real linear, normed, complete space,
with norm ||-||. By X* we denote its topological dual Banach, that is, * € X* are
continuous linear functionals on X, and (-, -) is the dual pair between X* and X.
When the norm in X is given by a scalar product, X is called a Hilbert space. In
that case, X* is isomorphic to X and the dual pair is simply the scalar product.
Furthermore, all real separable Hilbert spaces are isomorphic to 5, the space of all
real square-summable sequences with

(zy) = a2l = {z,a)"

The collection L(X,Y") of all bounded linear operators from X into Y, using
the operator norm, is also Banach space. Here, the assumption that A is bounded
and linear is equivalent to A being continuous and linear form X to Y, where the
topologies are given by the norms. When X =Y, L(X,Y) is denoted by End(X);
in which case, we also have that the product of two operators in End(X) is a
continuous linear operator: if A, B € End(X), then AB : X — X is given by
(AB)x = A(Bz) for x € X. Moreover, ||AB| < ||Al|||B|| for all A, B € End(X).
With this multiplication of operators, End(X) becomes a topological semigroup.
By Aut(X), we denote the set of all invertible operators in End(X). These inverse
are also continuous and linear, so Aut(X) is a topological group.

Theorem C.1. Let &, & be R%-valued random variables. Then &, converges in dis-
tribution to & in R if and only if for every a € R%, (a,&,) converges in distribution
to {(a,&) in R

Lemma C.2. Consider symmetrization of , i.e. u° := p* p~. Then the charac-
teristic function of p° is real-valued.

Lemma C.3. In the case of a separable metric space, suppu always exists. supppu =
{x € X: for every open G containing x, u(G) # 0}.

Proposition C.4. Let pu, v € P(X). Then

supp(p * v) = (supp p4 + supp v).
A more general proposition is given as follows:

Proposition C.5. Let p be a probability on the topological space Sy and let f :
S1 — Sy be a continuous mapping into the topological space Sy. Then

fu = fsupp p
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In particular, for Banach spaces X and Y, probability pn on X, and a bounded
linear operator A : X — 'Y, we obtain

supp(Ap) = A(suppp).

Proposition C.6. Let p € P(X). Then (suppp)t = {z* € X* : j(tz*) =
1 for allt € R},

C.1 infinitely divisible and stable

Definition C.7. A probability x4 on a Banach space X is said to be infinitely
divisible if for each integer n > 2 there exists an element u, € P(X) such that
i = p, where the nth power of a probability is taken in the sense of convolution.

Definition C.8. A measure p € P is called operator-stable if there are a measure
v € P, a sequence {A,} of linear operators, and a sequence {a,} of vectors such
that

Av"6(a,) = p.

C.2 Dbasic concepts

We say that a measure p on R? is full if its support is not contained in any
proper hyperplane of R?, that is, for any 2 in R? and any subspace W of R? with
dim W < d, we have u(W + z) < 1.

1. The idea of fullness is the natural extension of nondegeneracy on R!.
2. It is shown that the set of all full measures is an open subsemigroup of P(R%).

Generally, the set of all full measures on R? is denoted by F(R?). Also the set
H(p) is defined as

H(p) = {y € R% faly) = 1}.
Proposition C.9. The following statements are equivalent.
1. pis full.
2. 1® is full.
3. H(u®) does not contain any one-dimensional subspace.

4. For each y # O,d the measure 11, is nondegenerate on R where 11,(z) =
(x,y) for x € R?,
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Corollary C.10. Let A € End(R?) and p € P(RY). Then Ay is full if and only
if A is invertible and p is full.

For the Banach space X, let A(X) denote the set of all affine transformations
on X that is, each o € A(X) is given by an operator A € End(X) and a vector
a € X, a:= (A;a), in the following way:

ax = Az + a.
In the same way, ra := (rA;ra). The set A(X) is equipped by the norm
o]l := max{ || A]|, [|al| },
then it is a Banach space.

Corollary C.11. Let oy, € A(X), and assume «,,x — ax for all z € X. Then
fn = g in P(X) implies that a,p, = apu.

By A;, we denote the set of all invertible affine transformations on R?.

Corollary C.12. If a1, = p with p,, € P, p € F, and o, € A, then o, € A;
and pu, is full for all sufficiently large n.

Next, we introduce the concept which is called ”conditionally compact”. (The
concept is called "relatively compact” in some books.)

Definition C.13. A subset I' of P(S) is called conditionally compact if every
sequence {p,} in I' contains a subsequence which is weakly convergent in P(S);
the limit probability need not be in I'.

Definition C.14. A subset I' of P(S) is called tight if for every € > 0, there is a
compact set K such that pu(K) > 1— € for all p €T

Theorem C.15 (Prohorov Theorem). For a metric space S, every tight set I’
in P(S) is conditionally compact. When S is separable and complete, T" being
conditionally compact implies that I' is tight.

Lemma C.16. If p, = p with p full and if {anpn} is tight, where a,, € A, then
sup|lan, || < oo, that is, {a,} is conditionally compact in A.

In the convergence of types theorems, a fundamental role is played by the set
of operators having the property that the limit measure p is unchanged by the
action of one of these operators. More formally, we define the invariant semigroup
of p, Inv(p), to be

Inv(p) ={a e A: u=au}.
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Theorem C.17. If u is full, then Inv(p) is a compact subgroup of A;. Conversely,
if p is nonfull, then Inv(u) is neither a group nor compact.

Lemma C.18. Let p € P and o € A;. Then

Inv(au) = a(lnv(p))a™,

Definition C.19. Two measures p and v are of the same operator type provided
there is o € A such that y = av.

Theorem C.20. Assume that B,pu, = p, where B, € A, u, € P, and p full. In
order that oy, = v, with o, € A and v full, it is necessary and sufficient that
v =au for some o € Ay, that is, u and v are of the same operator type, and, for
all sufficiently large n,

Qn = AN Ynns
where n, — ny = (1;0) and v, € Inv(p).

C.3 Notations and assumptions

In the sequent subsection, we assume that X, X;, X5, X3, ... are i.i.d on R? with
common distribution g and that p belongs to the strict generalized domain of
attraction of some full operator stable law v on R? with no normal component.
If X belongs to the generalized domain of attraction of Y, then there exist linear
operator A, and nonrandom vectors a,, such that

A X1+ X0+ 4+ X)) —a, =Y.

For A, we say a sequence of linear operators on R? is regularly varying with index
(—F) if
A[m}A;l — t_E,

for all ¢ > 0. As in the Meerschaert and Scheffler (1999), the notation ¢t~¥ means
t=F = exp(—Flogt) where exp(A) = [ + A+ A?/2! + - -+ is the usual exponential
operator. .S, is used to be the sum of the sample,

Su= X1+ + X,

while M, is used to represent the sample covariance matrix, i.e.

M, = i XX,

i=1

We give three lemmas from Meerschaert and Scheffler (1999) below.
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Lemma C.21. Suppose that p is reqularly varying with exponent E and
nA,pu — ¢
holds. If every eigenvalue of E has real part exceeding 1/2 then
A M A =W
where W is infinitely divisible on M2 with Lévy representation [C,0,T¢].

Lemma C.22.
(AnSy, AnM,AY) = (Y, V).

Lemma C.23. If A,S, = Y and A,M,A* = W hold with A, = a;'I then
M, '2S, = WY

If o of marginal distribution of X; are different, it is easy to see that we can
take
A, = diag (n~Yer, . p71/ed),

and F becomes
E =diag (1/ay,...,1/ay).

Here, we only think the case that oa; = a fori=1,...,d.
We give three general lemmas, which is examined by Meerschaert and Scheffler
(1999).

Lemma C.24. Suppose that p is reqularly varying with exponent E and
nApp — ¢
holds. If every eigenvalue of E has real part exceeding 1/2 then
A M, 7 A = M

where M is infinitely divisible on M2 with Lévy representation [C,0,T¢]. Fur-
thermore, the limit M is operator stable with exponent where EM = EM + M E*.

Lemma C.25.

Lemma C.26. If A,S, = Y and A, M, zA% = M hold with A, = a,'I then
M, /*S, = M~y
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Appendix D: AIC and Its Interpretation

D.1 Known Results
The approximate 1-step ahead forecast MSE is given by

_T+Km—|—1~

(D.1)

where T is the number of observations, K is the dimension of vectors and m is the
order of AR.
The matrix ¥, is given by

1
Su=5Y(Ir = 2(22)7 2)Y’ (D.2)

from the LS estimator, which is equivalent to the ML estimator.
The LS estimator with degrees of freedom adjustment gives an unbiased esti-
mator

~ T ~
=2 D.
T—-—Kp—1 (D:3)
D.2 FPE and AIC
The final prediction error (FPE) criterion is given by
T+Km+1 T ~
FPE = ()] = by D.4
(m) = det [ S5(1)] = det | —— S m) | (D)
A very similar criterion abbreviated by AIC is defined as
~ 2
AIC(m) = In|X,(m)| + ?(numberoffreelyestimatedparameters) (D.5)
The connection is understood by
2m _9
InFPE(m) = AIC(m) + — + O(T77), (D.6)

T

but the constant term must be suspected since the choice of the number of freely
estimated parameters.

D.3 Generalized Information Criterion

First, we define the tool in the argument:
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e A class of parametric models
{fo; dimf =p,p=0,1,...,L}; (D.7)
e A fundamental parametric model fy, with order dim 6y = po;
e The true model g, which is contiguous to the fundamental parametric model
9= foon)ym), where h = (hy,... hg_p,)" (D.8)
To well define fp,, we use a measure of disparity D and 6, is defined as

D(foy,9) = mm D(fs,9). (D.9)
Then GAIC is defined as
GAIC(p) = nD(f;,:9a) + P, (D.10)

which is possible to use in i.i.d case, ARMA case, regression case, or CHARN case.
Before the result, we need some assumptions:

(D1) fo(+) is continuously twice differentiable with respect to 6.
(D2) The fitted model is nested, i.e., O(p + 1) = (0(p)’, Op1+1)’

(D3) As n — oo, the estimator 6, satisfies
V(0 = 00) 5 N(0,.7(60) ™ (60) T (00) ), (D-11)
and I(6) = J(0) if g = fo.
(D4) If g = fopo), then D(fy(p), 9) is uniquely minimized at p = po.
Define o; = P(x? > 2i) and

*

Pl {ai}) Z{H} 17l (Oél> b (D-12)

l

where Y extends over all [-tuples (71,...,7;) of non-negative integers satisfying
ri+2rg 4 -l =1

Theorem D.1. Suppose g = f¢(po). Then, under Assuption (D1)-(D4), the
asymptotic selection probability of p selected by GAIC(p) is given by

07 0 S p < Do,
p(p — po, {ai})p(L — p, {1 — o;}), po<p<L

where p(0, {ai})p(0, {1 — as}) = 1.

lim P(p=p) = (D.13)

n—oo
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To see the asymptotic selection probability under the true model, we need
another set of assumptions:

(D5) If h =0, the model fy(-) satisfies (D1) - (D4).

(D6) {Pe(:,)h/\/ﬁ} has the LAN property, i.e.

P L
log — 22— WAL(f0) — ST (00)h +0p(1),  (D.14)
APrgy.0) ’

A, 5 N(0,T(8)), under Py,

U (D.15)

(D7) Under P((e?oy for py < 1 < L, the random vectors (Z{l)/7 Al are asymptoti-

cally normal with

lim Cov(Z\", A ={ou();j=1,....L,k=1,...,K —ps}, (D.16)

n—oo
and (1-1) -1
-1 -1
lim Var(Z}) = r 1) r 2y ] (D.17)
oo Fy Fy
Write
011(1) e Ul,K—p0<l)
A : : , (D.18)
O1-1,1 (l) cer O1-1,K—pg (l)
and ¢® = (071(1), ..., 015 _p(1))". Then for
Wi, ..o, Wr_p ~1.i.d N(0,1), (D.19)

we define

—1
mo= (0Wh—FVRTY SR T=pot+ 1, L

Sj:m = (Wm - um+p0>2 ot (Wmfj+1 - um+pofj+1)2 - 2j7
1§m§L_p07j:17"'7m7

Tise = Wit — trrpor1)” + -+ Wiy — Hiapors)’ — 24,
0<k<L—-po—1,j=1,....L—py—k.

Then we have the following theorem.
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Theorem D.2. Assume Assumption (G1)-(G7). Under P((") the asymptotic

bo,h/+/n)’
selection probability of p is given by
: R 0 0<p<po
lim P {p=p}={" (D.20)
novoo” ok Bp—po)ylp—m) po<p<L,
where
m L—po—k
B(m) = P{ ((Sjm > 0) } k) = P{ N T <0 } ., (D21
j=1 Jj=1

Appendix E: LAN, LAM and LAMN

The theory of LAN started from the idea of Le Cam, who was the major figure in
the development of abstract general asymptotic theory in mathematical statistics.
First, we review his work to express our respect for him.

E.1 Le Cam’s lemmas
The likelihood ratio

Introduce the likelihood ratio L, = ¢, /p., or more precisely,

4n () if p(x) >0
L) — Pa()
" 1 if go(z) = pu(x) =0
00 if ¢, () > pu(x) = 0.

The most remarkable three lemmas are in the flow of [contiguity — LAN — Al-
ternative Hypotheses]. Let F), be the distribution function of L,, under P™:

F.(z) = P"(L, < x).
Lemma E.1. Assume that F),, converges weakly (at continuity points) to a distri-

bution function F such that
/ xdF(z) = 1.
0

Then the densities q, are contiguous to the densities p,, n > 1.
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Proof. Step 1 For any test statistics ¥,,, we decompose it like

{LnSy} {Ln>y}

y
< y/\I/ndPn+1—/ xdF,.
0

Step 2 Ve > 0,3y > 0 (a continuity point) such that

Y 1
1—/xdF<—e.
0 2

Step 3 F,, — F' at continuity point entails

y y
/ xan—>/ rdF.
0 0

Y 1
1—/ xan<§e for n > ny.
0

Step 4

Step 5 [V, dP, — 0 entails

1
y/\IJndPn<§e, for n > ny

Step 6 From (4) and (5), it is easily seen that

/\Ifn dQ@, — 0.

O

Corollary E.2. If, under P,, the ratio L, is asymptotically log-normal (—30?, 0%),
then the densities ¢, are contiguous to the densities p,.

Proof. Since Y is distributed as log-normal (u, 0?), logY is distributed as normal
distribution.

1
EY = Eexp(logY) = exp(u + 502).

As what we see at the lemma above, if u = —%02, then ¢, are contiguous to the
densities p,. |
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Lemma E.3. Suppose that the following condition (the UAN (uniform asymptotic
negligibility) condition) holds:

Gni

ni

max P"(
1<i<n

—1] >¢€) — 0.

Let W,, be
= 22{ 9ui(X)/ fui(X:) ]2 = 1.
Suppose also that W,, converges in distribution to N(—oc?/4,0?) for some o®. Then,
log L,, — (W,, — 0%/4) = opn(1)

and hence )

log L, % N(—%, a?).
Proof. Note that
1
h(x) = h(zo) + (x — x0)h (z0) + %(m — xO)Q/ 2(1 = N)A"[xg + Mz — z0) JdA.
0

Let T,,; satisfies

Ti = 2 9ni(X0)/ fui(X3) ]2 — 2.

Step 1
ni 1 !
log% =Ty Z—LT;/O [[2(1 = A) /(1 + =AT;)° JdA

Step 2

1 o L

log L = Wo = 3 32 [ (2= /(1 + 30T Jax
i=1 0

Step 3 Introduce

T(5

10

, otherwise.

Then we can have a lemma from (Loeve (1955)).
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Lemma E.4. If W, is asymptotically distributed as normal(—io?, o?).
Then for every d > 0,

Ny,
> PY(|Tul>6) — 0,
=1
Ny, 1
Y BT, - —=o”,
=1
Np,
ZVarTgi — o2
=1

The Lemma will give a good picture of the proof for the Lemma.

]

Lemma E.5. Assume that the pair (S,,log L,) is under P, asymptotically jointly

normal (p1, 2, 05, 03, 012) with ps = 303. Then, under Q,, S, is asymptotically

normal (py + 012, 0%).

Proof. Step 1 Write

Qn(S, <x) = /I /oo " dF,(u,v) + Qn(pn =0,8, < ),

where F,,(u,v) denotes the distribution function of (S, log L,,).

Step 2 o = —%ag implies the contiguity, and hence

Qn(pn = 07 Sn < I) — 07

since P,(p, =0,5, <z)=0—0.

/ / e”an(u,v)—>/ / e’d®(u,v).

Step 4 From Step 1, 2 and 3,

Step 3

Qu(S, < ) %/_l/_:e”dq)(u,v),

which implies the conclusion.
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E.2 Extension of Le Cam’s third lemma
Theorem E.6 (Van der Vaart Theorem 6.6). Let X,, be a map as X,, : Q — R*.
Then if Q, is contiguous to Py, and (X,, %) 4, (X, V) under P,, then we have

n qp,
d
X, = L under QQ,, where

L(B) = E15(X)V,
and L defines a probability measure.

Suppose « € [1,2) and

X ~ S(a,0,%,9); S(-) denotes a stable distribution,

1
V ~ logN (—@,02); log N denotes a lognormal distribution.

Theorem E.7 (The main result). Let X,, be a map as X,, : Q — R¥. Then if Q,, is

contiguous to Py, and (X, ‘Cil%) N (X, V) under P,, where X is a stable random

vector of exponent a, and V is also defined as above. then we have X, 4 L under
Q) where L is also a stable random vector of exponent «.

Proof. Let L(B) = E1p(X)e", where W is a normal random variable, since V' is
lognormal. This shows the logarithm of the likelihood ratio is as normal distributed
and for this reason, it is easy to see that (), is contiguous to P,.

/ei“lde(x) = B XeW,

Since (X, W) is under a disjoint distribution of stable and normal as expectation
above, to calculate the right hand side in the equation above, we just only have to
let

t' = (v, —1),
then

0! ot 1 2 1ot NSk () 5\
EequeW — in—30 5, —3)X* (u',—i)

= exp{iv/(0 +7)— %u’Zu}

Since the right hand side shows the characteristic function of multivariate sta-
ble distribution (formally, it is called Elliptically contoured multivariate stable
distribution S(«,0,%,d + 7)), we have the conclusion. H
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E.3 Introduction

Let Xo, X1, ..., X, bei.idrandom vectors defined on the probability space (X, A, Fp),
and § € © open C R¥ £k > 1. For the observations, let A, = o(Xo, X1,...,X,)
be the o-field induced by them, and let P,y = Py |.A, be the restriction of Fj to
A,,. We set

q(X0;0,0%) = ——5—,
(Xo ) APy

be the Radon-Nikodym derivative involved and

0;(0,07) = p(X;,0,0%) = [q(X;; 6,0,

so that ¢;(6,6*) is square I p-integrable.
Let a sequence {6, }, which is close to 6, be defined by

0, =0+ h,/\/n, with h, — h € R% (E.1)
Remark E.8. Usually, Py = p.
To see the assumptions for LAN, we need first look at two definitions here.

Definition E.9 (q.m.d). The family {F,0 € O} is quadratic mean differen-
tiable(q.m.d) at 6y if there exists a vector of real-valued functions 7(-,6y) =

(m.(-,00, - - ., me(+,00))") such that

[ [V = von(o= < ata o)) dua) = ol

as |h| — 0.

Definition E.10 (Fisher Imformation matrix). For a q.m.d family with derivative
n(-,0), define the Fisher information matrix to be the matrix I'(6y) with (7, j) entry

L, (00) = 4 / ni(, Bo)y (. B) ().

Remark E.11. n(x,0y) can be seen as

1-
77(55790) = §l9\/p_97

where

10 _ 9,
N po(T) = B og pa().

We summarize this point in the following theorem.

le(iL‘) =2
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Theorem E.12. Suppose © is an open subset of R and fix 0y € ©. Assume pél,/Q(x)
s an absolutely continuous function of 6 in some neighborhood of 6y, for p-almost
all x. Also, assume for p-almost all z, the derivative py(x) of pg(x) with respect
to 0 exists at § = 6y. Define

Pp()
n(z,0) = { 2p,/*(x)
0 otherwise

if pp(x) > 0 and pp(x) exists

Also, assume the Fisher Information I'(0) is finite and continuous in 0 at 0. Then,
{Py} is g.m.d at 0y with quadratic mean derivative n(-,0p).

Proof. Step 1 Let = be such that pé/ ?(z) is absolutely continuous in [6y, 6y + 4],
then

2

L@ Pt = 5[ [wworna] <

Step 2 From Step 1,

/{é[péﬁa( )=y )]}du( ) < %/6I(GO+)\)dA.

0
/ n*(x, 0g+N) dA.
0

S

Step 3 By continuity of 1(0) at 6y, the right hand side tends to 11(6y) as 6 — 0.

Step 4 From the definition of 7, we can see that
IV 1/2 0
g[p90+5( ) — Dy, ()] = n(z, 0).

Step 5 From Vitali’s Theorem,

/X [\/p90+6 \/peo — < n(x,6y),9 >]2 du(z) = 0

as 0 — 0.
O

Definition E.13. If the Fisher information matrix is nonsingular at 8, € ©°, then
we call 0y a regular point. Furthermore, if every point of © is regular and »;(+) is
continuous, then we call the parametrization § — Py is regular and P = {F} a
regular parametric model.
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For simplicity, we will eliminate z in the notation and focus on # instead. The
other notations in this section are given below:
dP, - :
L,(0,0,) = g P’H” (the relevant likelihood ratio);
o
A, (0,07) = logL,(6,0") (log-likelihood ratio);

A (0) = %Z%(@); (score function)

['(0) = 4FEs[¢o(0)¢p(0)]; (Fisher information)
A(h,0) — %h’l“(&)h.

E.4 Assumtions (Al)-(A4)
To obtain LAN, we need assumptions as follows:
(A1) The probability measures {FPyg; 0 € O} are mutually absolutely continuous.

(A2) (a) For each 6 € O, the random function ¢o(#,0*) is differentiable in
quadratic mean with respect to 8* at 8 when Py is employed.

(b) ¢0(0) is Ap x C-measurable, where C is the o-field of Borel subsets of
O.

(A3) T'(0) is positive definite for every 6 € ©.
(A4) For each 0 € O,
(a) q(Xo;0,0%) — 1 in P, p-probability, as 8* — .
(b) q(Xo;0,0%) is Ay x C-measurable.
Theorem E.14. Let 6,,, L,(0,0,), An(0), and A(h,0) be defined above. Then,

under assumptions (E.4),

Pn,é)

An(0,0,) — H'AL(0) %
LIAO)| Pry] = N,
=

£ [An(ev ng) | Pn,@]

\_/
~
—~

Remark E.15. Theorem (E.14) shows the relationship between log-likelihood
ratio, central sequence and Fisher information under the true distribution. Central
sequence follows CLT to have asymptotic normality and so if Fisher information
is non-random, then the log-likelihood ratio has also asymptotic normality.
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Remark E.16. Every py in a regular parametric model P satisfy the assumptions
above.

Theorem E.17 (ULAN). Suppose that P = {Py : 0 € ©} is a regular parametric
model, then we have

An(0,6,) = KA (0) — %h’l“(&)h + R, (0,h),

where R, (0, h) — op,(1) uniformly for 8 € K compact C © and |h] < M.

On the contrary, the distribution of log-likelihood ratio under the alternative
hypotheses can be also obtained through the proposition below:

Proposition E.18. Let {h*}be a bounded sequence in R¥, and set 0 = 0+h* /\/n.
Then under assumptions (E.4), the sequence { Py, ¢} and {P,:} are contiguous; in
particular, so are the sequences {P, ¢} and {P,g,}.

Theorem E.19. Under assumptions (E.4),

To(0,6,) — HAL0) 222 —A(h,0): (E.5)
L[A.(0,0,)] Pp,] = N(%hT(@)h, R'T(0)h);
L[A0)] Poo,] = N(T(O)hT(0)). (E.7)
Remark E.20. Another version for the result is
AL (6,) — An(0) =y, —T(0)h, n — oo, (E.8)

uniformly in § € K and [t| < M. In other words, the difference between two scores
are asymptotically linear where the slope is the Fisher information.

The likelihood ratio behaves as if it were an exponential family.

Theorem E.21. Under assumptions (E.4), there ezists a truncated version A’ (0)
of A, (0) such that:

EyEM A0 = BB () < oo, (E.9)
Poo [AL(0) # An(0)] — 0, (E.10)
P, [AL(0) # An(0)] — 0, (E.11)
and if
Ryp(A) = E~5 ) / EVAOdP, ., A€ A,
A
then
1P, — R, || = 0, (B.12)
or
sup{ | Pro, — Ronll; h € B bounded C RF } — 0. (E.13)
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Remark E.22. The truncated version A’ (#), which can be seen as exponential
family, can not be identified from A, () under either hypothesis or alternatives.

E.5 LAN for stochastic Process
For stochastic, we refer to Taniguchi and Kakizawa [2000].

Theorem E.23 (Le Cam (1986)). Suppose that under P ,, the following conditions
(L1)-(L4) are satisfied.

(L1) maxy|Y, x| —, 0,

(12) S5, V2, 5 0*/4,

(L3) >, E(Yfk +2Y, k| Frg—1) = 0,

(L4) >, E <Y,,127k];ynyk>6|fn’kil) —, 0 for some § > 0. Then A, =4 N (—0c?/2,0?).

Swensen (1985) gave a martingale difference version to Theorem E.23, and
apply the new version to the AR model. Kreiss (1987, 1990) generalized the result
to the ARMA process.

In Taniguchi and Kakizawa [2000], they posed the following assumption to the
m-vector linear process

X (t) = iAg(j)U(t —j), tez, (E.14)

where the U(t) are i.i.d. m-vector random variables with probability density
p(u) > 0 on R™, and Ay(j), j € Z, are matrices depending on a parameter vector
f € © compact C R

(TK 1) SupposedetAy(z) # 0 for |2| <1 and Ap(z)~! can be expanded by
Ap(2) 7 =L+ > (Bolj)2) . (E.15)
j=1
(a) For some D (0 < D < 1/2), the coefficient matrices Ay(j) satisfy

|[Ag(Dw| = OG™P), jeN, foralll <k, l<m. (E.16)

(b) Every Agy(j) is continuously twice differentiable with respect to #, and the
derivatives satisty

|ai1ai2 U aikAQ(j)ab| - O(j_H_D(lOgj)k)? k= 07 17 2 (E17)
for a,b=1,...,m, where 9; = 9/96;.
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(c) where

|Bo(j)| = O P), €N, forall 1 <k,l<m. (E.18)

(d) Every By(j) is continuously twice differentiable with respect to #, and the
derivatives satisfy

10420, -+ 0y Bo(3)an| = OGP (log )*), k=0,1,2 (E.19)
fora,b=1,...,m.
(TK 2) p(-) satisfies
lim p(u)=0, E(u)=0, Var(u)=1,. (E.20)

[luf|—o0

(TK 3) The continuous derivative Dp of p(-) exists on R™.
(TK 4) [gmlo(w)u|*p(uw)du < co,  for all 1 < k,I < m, where ¢(u) = p~'Dp.

Theorem E.24. Suppose that assumptions above hold. Write

Buae(j) = Z hiOiBo(j), (E.21)
o) = [ otwotu)plu)du (8.22)
Then )
Mal0,62) = D0n(6) = STal6) + 03, (1), (E.23)
where
Bua®) = 5= S GUD) Y Bl X (k=) (E.24)
Ln(0) = tr{F(p) Z Z Bhag(j1) R(j1 — j2) Buwae(ja2)'}- (E.25)
Further, under Py, we have
A n(0) 222 N(0,T5,(0)). (E.26)

Finally, For alln € N, and all h C ' H C RY, the mapping h — P, 4, 1s continuous
with respect to the variational distance

1P = Q| = sup{|P(A) — Q(A)[| : A € Ay} (E.27)
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E.6 Metrics for the space of measure

Definition E.25. A set P is a metric space if there exists a real-valued function
d defined on P x P such that for all points p, ¢ and r in P,

e d(p,q) > 0;
e d(p,q) = d(q,p);
e d(p,q) < d(p,r)+d(r,q).
A function d satisfying these conditions is called a metric.

Example 2. The Lévy distance:
po(F,G)=inf{e > 0; F(x —¢) < G(x) < F(z+¢€)+¢ forall z}.

note.
F, L F s p.(F, F)—0.

Example 3 (Uniform metric).

dx(F,G) = sup |F(t) — G(t)].

note. Let F,, be the empirical c¢.d.f. defined by

Fu(t) = %il{)ﬁ <1

=1

Consider the problem of testing the simple null hypothesis that F' = F{, versus
F # Fy. The Kolmogorov-Smirnov goodness of fit test statistic is given by

T, = supn'/?|F,(t) — Fy(t)| = n'/?dg (F,, Fy).

teR

The statistic tends to small under the null bypothesis and large under the alter-
native, which is justified by the theorem below. The Kolmogorov-Smirnov test
rejects the null hypothesis if T}, > s,,1_4, where s, 1_, is the 1 — a quantile of the
null distribution of 7;, when Fj is the uniform U(0, 1) distribtuion.

Theorem E.26 (Dvoretzky, Kiefer, Wolfowitz Inequality). Suppose Xi,..., X,
are i.1.d. real-valued random variables with c.d.f. F. Let F,, be the empirical c.d.f.
Then, for any d > 0 and any positive integer n,

P{di(F,, F) > d} < Cexp(—2nd?),

where C is a universal constant.
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In fact, the result is improved by Massart(1990) as

P(v/nsup |F(z) — F(2)] > \) < 2exp(—2)2),

which has not any restriction on A.
note. There are so many technical calculations and lemmas in the paper, so we
will not get involved in the proof.

Using the fact, it is easy to show the theorem below.

Theorem E.27 (Glivenko-Cantelli Theorem). Suppose X1, ..., X, are i.i.d. real-
valued random variable with c.d.f. F. Then

dg(E,, F) =0 a.s..

E.7 L norm, L, norm and contiguity

For a test ¢, denote the sum of the probability of rejecting Py when F is true and
the probability of rejecting P, when P; is true by

Spy(6) = /X o) dPo(z) + /§ (1 - $(x)) dPy(z)

and let
S(POa Pl) = lgf [SP07P1(¢) ]

Definition E.28. The total variation distance between Py and P;, denoted || P, —
Pyl|1, is given by

HP1 —P0||1 Z/\pl —po\d/i;

where p; is the density of P; with respect to any measure ;1 dominating both F
and P;.

Definition E.29. Let P, and P, be probabilities on (X', ). The Hellinger distance
H(Py, P1) between P, and P, is given by

2P =5 [ Ve - Vi@ duo)

Furthermore, define
p(Py, P) =1— H*(Py, P,).
then,

o(Po. P) = /X Vio@)p (@) dy(z).

80



note. Let P" denote the joint distribution of i.i.d Xi,...,X,, under P. Then note
that
p(Fy, P) = p"(Fo, P1).

Theorem E.30. Sp, p,(¢) is minimized by taking ¢ = ¢* a.e. p, where ¢* is any
test satisfying

5(2) = { L if pi(@) > pol),
0 if pr(z) < polz).
Furthermore,
S(Po, P1) = Sp,p(¢") =1— %||P1 — Poll.

Lemma E.31. Suppose ||P, — Qn||1 = 0. Then P, and Q,, are mutually contigu-
ous. Furthermore, for any sequence of test function ¢,,

/¢ndPn—/¢ndQn—>0.

¢y = liminf nH?(Ps,, Ps,) < limsupnH?(Py,, Ps,) = co.

Theorem E.32. Suppose

Then,

1 —[1 — exp(—2¢2)]"? < lim inf S(Py, Py.) < limsup S(Py,, Py ) < exp(—c1).
Theorem E.33.

1. If nH*(P,,Q,) — 0, then ||Q"P"||; — 0 and {Q"} are contiguous.

2. If nH*(P,,Q,) — oo, then S(P", Q") — 0 and {P"} and {Q"} are not

contiguous.

E.8 A Convolution Representation Theorem

Definition E.34. With 6,, =60 + \/Lﬁ, the estimate T, is said to be regular if
L[Vn(T, —6,)| Pup, ] =0, (E.28)

a probability measure.

Theorem E.35. Under assumptions (E.4), for reqular estimates,
L(0) = N(0,T7H0)) * L*(0), (E.29)

where L*(0) is a specific probability measure.
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E.9 LAM [Fabian and Hannan(1982) page 463]

Let 7, be the central sequence and M,, be a k x k positive definite matrix such
that
1M = 0, (E.30)
and set
O, (to be shortened to 6,) = 0 + M *h, h e R? (E.31)

so that 6 € © for all sufficiently large n. If Condition LAN (6, M,,,,) holds then
(Z,) is LAM(0) (locally asymptotically minimax at ) if (Z,) is a sequence of
estimates for which

lim lim sup E,sl(QuMM*(Z, — 6)) > N

k—o00 n—o00 I\Mi/Q((S—G)HSK

holds for every sequence (Q,,) in the collection of all orthogonal & x k matrices and
for every bounded loss function ! on R¥.

Definition E.36. A sequence (Z,,) of estimates is called reqular(9) if
Mé/z(zn —0) —v, = 0 in (E,g)-prob.

Theorem E.37. Let (Z,) be a sequence of estimates. Then the regularity(6) of
(Zyn) implies

1/2

M) o

for every sequence 6, = 0 + M{lﬂtn such that (t,) is bounded; the latter property,
in turn, implies that (Z,) is LAM (0).

E.10 Discrete sequences of estimators

The discrete sequences of estimators {f,} satisfies that 6, is given by one of the
vertices of {0 : 6 = n=Y2(iy, . .. ,iptq),t; € Z} nearest to 6, which is a sequence
with

Vvn(6, — 60y) is bounded by a constant ¢ > 0.

This idea is due to Le Cam(1960), (1969), (1970) for construction of an efficient
estimator.

Theorem E.38. If P = {Py;0 € O} is a regular parametric model on a Euclidean
space X and 0 is identifiable, then there exist uniformly \/n-consistent estimates

of .

The steps are as follows:
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Step 1 Construct 6, uniformly \/n-consistent as in theorem 2.3 below.

Step 2 Form a grid of cubes with sides of length cn=Y/2 over R¥, given 6,,, define

0% to be the midpoint of the cube into which 6, fallen. (This means that
6% is also uniformly /n consistent.)

Step 3 Define

O =05+ Y TH(0)I(X,0;).
=1

Theorem E.39. If P is a reqular parametric model and if there exists a uniformly
V/n-consistent estimator 6,, of 0, then the estimator 0,, given above is a uniformly
efficient estimator of 6.

note. It is important for the result above that the sample space is Euclidean.
note2. The result is also important since even if the maximum likelihood estimate
6,, does not exist, we can define a one-step Newton-Raphson approximate ’solution’

by

ezpprox — en +

-1
I~ o = 1. . -
—E;MX@-,en)] 20

E.11 LAN for ARMA process in Kreiss (1987)

The LAN property is established for ARMA model by using the assumptions of
Roussas(1979). Similar conditions sufficient for the LAN property are given in
Swensen(1985).

Theorem E.40 ((K-Theorem 3.1)LAN property for ARMA models). Let {h,} C
RPHe be a bounded sequence and 6, = 0y +n~Y?h,,. Under our assumptions (A1)-
(A4) and (A6) in Chapter 3, we have for

A(0) = —= D2 4ei(0)Z6 = 1:0.0). @ =—F'[21,

the following two results:
1
108 AP g, /4P, | — W 80) + 5L T(FT (B0 =0,

in P, g,-probability, where I'(0y) is defined in Theorem 3.5 below (approzimation
of the log-likelihood ratio).

L(An(00)Prg,) = N (0, I(f)T'(60)),

where =" denotes weak convergence (asymptotic normality of the approzimating
statistic).
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Corollary E.41. Under the same assumption as above {P,,} and {P,,} are
contiguous in the sense of Definition 2.1, Roussas (1972), page 7, and

L(An(00) = L(f)L(00)hn| P, ) = N(0,1(f)I'(60)).

E.12 The sufficient conditions for local asymptotic normal-
ity

The 4 theorems below guarantee that the sufficient conditions for the LAN in

Roussas (1979) are fulfilled.

Theorem E.42. For each 0y € ©, the random functions ¢;(6y, -) are differentiable
in g.m. [Py, ] uniformly in j > 1. That is, there are (p + q)-dimensional r.v.’s
d;(60) = P(eNZ(j — 1;60,00) = p(€3)Z2°(7 — 1) [the q.m. derivative of ¢;(6o,0)
with respect to 0 at 6y] such that

®j(00,00 + Ah) — 1
A

—hT¢;(60) = 0, in g.m. [Py,] as A — 0
uniformly on bounded sets of h € RPT? and uniformly in j € N. Finally, gzéj((%) S
measurable with respect to Aj;.

Theorem E.43. For each 6y € © and each h € RP*4, the sequence {(hTd;(60))?},j €
N, is uniformly integrable with respect to Py,.

Theorem E.44. For each 6y € © and j > 1 let the (p+ q) X (p + q)-dimensional
covariance matriz I';(8y) be defined by

T;(00) = 4E,[ 6;(00)07 (60) ] = I(f)Egy[ Z(j — 1560, 60) Z" (j — 1560, 65) ].

Then I';(60) — L'(60)I(f), as j — o0, in any one of the standard norms in RPTY
and I'(6y) is positive definite.

Theorem E.45. (i) For each 0y € O, each h € RPYY and for the probability
measure Py,, the WLLN holds for the sequence {[hT$;(0y) %, 7 € N}. Also

(i)
S B 785000 Ay 1] = [H6,(00) 7} =0, asm > oo,

in Py, -probability.
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Existence and construction of LAM estimates

Lemma E.46 (K-Lemma 4.1). Under assumptions (A1)-(A83) and (A6), we have
for any sequence {Z,} of estimates the following implication:

(o)~
1(f)
implies that {Z,} is LAM.

Vn(Z, —6y) — An(0o) = op, (1) ({Zn} is called Oy-regular)

Theorem E.47 (Existence of LAM estimators). Assume {0,} C © is discrete and
\/n-consistent for 6y € ©. Then 0, defined below is regular:

Construction of adaptive estimates

Theorem E.48. Let {0,} C © be a discrete and \/n-consistent sequence of esti-
mators of 0. Under our assumptions (A1)-(A3),(A6)-(A9) and

An(én) - An(én) = OPeO(l)

holds, if ¢, — 00, g, — 00, a(n) = 0, d, — 0, o(n)c, — 0, g,o(n)™*/n — 0 and
no(n) stays bounded.

E.13 LAQ

Denote the log-likelihood ratio statistic by

dp,
A0+ 6,t,;0) = log %
%

Definition E.49. The family P, = {P, ;7 € ©} is termed locally asymptotically
quadratic (LAQ) at © if there exists a vector S,, and an a.s. non-negative definite
matrix K, both possibly random, such that for every ¢, € B,

1
A0+ Ot 0) — .S, + §t;Kntn 0.

In particular, if K, can be taken as non-random, then the LAQ family reduces to
LAN family.
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Theorem E.50 (H&jek- LeCam-Inagaki theorem). Consider the LAMN family
Fon = {Pots,rn: T being a p-dimensional vector}, and assume that under Py,
the matrry K, converges in probability to some non-random K. For a given non-
random matriz A, consider the parameter At, and let T, be an estimator of AT,
such that

T, — ATH ("),

in distribution under Pyis,+n, where H(-) does not depend on 7. Then H s the
distribution of the random vector AK Y2 Z+U, where Z and U are stochastically
independent, and Z is asymptotically normal (0, I), where I is the identity matriz.

E.14 LAMN
Let 9,, be a k x k positive definite matrix such that
1,1 = 0, (E.32)
and set
0,5 (to be shortened to 6,) = 0 + 0, 'h, hcR? (E.33)

so that 6 € O for all sufficiently large n.
Remark E.51. §, is a generalized matrix instead of y/n.

Definition E.52. The sequence of experiments { (X, A, P,y); 0 € O}, n>1,is
said to be Locally Asymptotically Mized Normal, if the following two conditions
are satisfied:

1. There exists a sequence {W,(0)}, n > 1, of A,-measureble k-dimensional
random vectors, and a sequence {T,,(0)}, n > 1, of A,-measurable k x k
symmetric and a.s. [P, ] positive definite random matrices, such that, for
every h € R¥,

1
An(0,,6) — h’Tgﬂ(e)Wn(e)—éh’Tn(e)h — 0 in P, g-probability.
(E.34)

2. There exists an a.s. [ P, ] positive definite & x k symmetric random matrix
T(#), such that

LAWa(0), To(0)] [ Pao} = LLTWO),TO)] [Py}, (E.35)

where W (6) ~ N(0, I;,) and is independent of T'(6).
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Remark E.53. By setting,
A, (0) = TY2(O)W,(0) and A(0) = TY*(6)W(0) (E.36)

Remark E.54. The points at which LAN of LAMN do not hold are called ’critical
points’.

Remark E.55. For LAQ experiments, it is observed that, under the contiguity of
{P.o} and {P,,,}, the following relation holds:

1
E |exp(h'A — §h’Th) =1 forall h, (E.37)

where A and T are as above.

Appendix F: RANK

Consider that we have N samples (X1,..., Xy).

F.1 Definitions
Ordered Statistics
Xy < < X,

which makes a seq in the increasing order is an asymptotic case. If the asymptotic
property is not considered, then we may write as follows in the same meaning:

XU <. < x,

Rank

R will stand for the vector of ranks (Ry,...,Ry). r and (r1,...,7ry) will be the
realization of R, respectively. In the asymptotic case we use

Ry;.
It is the position number of the i-th sample in N samples. The property is
Xi = XN(Ry)-
notel. If X; is tied with some other observations, then we can not define the rank

uniquely. In this case, we have two ways to solve this problem as follows:
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1. Let X; = Xy for all X;, where they have the same value, and j is the
average of all ranks that these samples take;

2. Let RNZ' = Zjvzl 1{Xj§Xi}' (uprank)

However, we will assume the distribution from which the sample is continuous. It
means that the case above will be a null set.

note2. the pair (X, R) is a sufficient statistic for any system of distributions
determined by densities.

Linear Rank Statistic

M=

an (i, Ryn;)
i=1

for a given (N x N) matrix (ay(é,7)). This is the sum of the elements of the
matrix (ay(i,7)).

Example 4. Let X = (2,3,1). Then

(I, Rvi) = (1,2)
(2, Rn2) = (2,3)
(3a RNS) = (37 1)'

Thus, the position of the matrix can be shown as

@11 a2 O
O Q22 23
a31 O a33

Simple Linear Rank Statistics

N

g CNiQN Ry

i=1
This is a form of the sum of the elements of the matrix multiplied by some coef-
ficients. Comparing the definition of linear rank statistics, the function of ¢ and
Ry; is decomposed into two parts—the function of ¢ and the function of Ry;. It
also can be seen as the form of a linear combination of the function of ranks.

Coefficients

(CN17 .- -yCNN);
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Scores

(aNl, .. .,aNN).

i-th Smallest Coordinate
0i(x),
and obviously () = 0;(x).
The System where the Distribution of (X,...,Xy) is Symmetric and
Determined by a Density
P(Trys ooy Try) =p(x1,. .., 2N), TER,

if and only if p € H,.

The System where the Observation is iid

p= Hf(l’z‘%

where f(x) may be an arbitrary one-dimensional density if and only if p € H,.
note. Hy C H,.

Incomplete Beta Function Ratio I,(a,b)

F(z) = I.(a,b) = fow 1 =)t de

0<x<1;a,b>0.

B(a,b) ’
The mean of Beta distribution is %, the mode is ai—;w the variance is m,
. o ; . 2(b—a)Vathil
the coefficient of variation is b and the skewness is “larbia)vas -

F.2 Some Lemmas

Lemma F.1. If X is governed by the density q, then X© is governed by the
density
gz, ... ™) 2 Zq(x(”), oty g0 e X0
reER
Moreover,

q(z), .. )
q(z®, ... Ny’

QR=r|X"Y =2V) = re Rz e X0,
holds with QQ being the probability distribution corresponding to q.
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Proof. For any A € AU, it holds that

// q(z1,...,xn)dry .. dey = Z/ / q(z1,...,xy)dry ... dey
XOeA ()eA,R=r

reR
oY N T
reR
Note that the Jacobian is 1 in this case. OJ

note. ¢ do not have to be equal to each other. See the following example.

Example 5. Let Q = (1,2,3) and the probability on it is defined as
111
il
After taking one sample from €2, we will have the sample set like one of the following
three cases:

(p1,p2,p3) =

1 2
O =(13 — (=, 2.
( ) )) (p1,p3) (373)7
1 2
Q'=(2.3 = (=, =)
( ) )7 (p27p3) (373)7
O= (12, ()= (5a)
- ’ ) P1,D2) = 272 .
Then the probability for (M, 2®) will be 2, and the probability for (2, z()
will be - . Furthermore,
1
3 5
q(2,3) = Il
_ 5

This example is a special case, and what we will think next is the property on
the system 7.8 and 7.9.

Lemma F.2. Let X1,..., Xy be a random sample from a continuous distribution
function F with density f. Then

(1) the vectors Xy() and Ry are independent;

2) the vector Xy has density N! Ai x;) on the set x1 < --- < xp;
0 =1
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(3) the variable Xn@) has density N(Y ) F(2)7Y(1 — F(2))N='f(x); for F the
uniform dzstmbutwn on [0,1], it has mean i/(N + 1) and variance i(N — i +
D/((N +1)*(N +2));

(4) the vector Ry is uniformly distributed on the set of all N! permutations of
1,2,...,N;

(5) for any statistic T and permutation r = (r1,...,rn) of 1,2,..., N,

E(T(Xl, Ce ,XN)|RN = 7“) = ET(XN(H), N ,XN(TR));

(6) for any simple linear rank statistic T = SN | cnian.ry,

2

N
1
ET = Néyay: VarT:mi 1 (cni — N 2; an; — an)?

Proof.
(1)-(4) Tt is obvious from Lemma 1.

(5) Just change the rotation of the random variables, then we can see it by the
virtue of the independence between Xy and Ry.

(6) From P(Ry; = j) = .,

N
1
ET = N ZCNiaNi == NEN(ZN.

i=1
The second statement is from a very tedious calculation.

[]

note. The sufficient condition for this lemma is very important. Rank statistics
are not always distribution-free but when the observations are independent and
wdentically distributed.

Corollary F.3. As the same condition, the variable X y; has density

' ; N P& N—i
Fne(2) = Ip@e)(i, N —i+1) = = 1)!(N—i)!/0 u (1 — )V du.
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F.3 The Necessary Condition for Asymptotically Normal-
ity

The scores are generated through a given function ¢ : [0,1] — R in one of two
ways. Either

an; = E¢(UN(i)>7 (Fl)

where Uy, ..., Un(ny are the order statistics of a sample of size N from the
uniform distribution on [0, 1]; or

?

CLNi=<Z5(N+1)- (F.2)

For well-behaved functions ¢, these two definitions are closely related and al-
most identical, since EUp ;) = N+r1

note. Scores of the first type correspond to the locally most powerful rank tests;
scores of the second type are attractive in view of their simplicity.

Examples of Scores

1. The standard normal case: ¢¢(z) = z; (Z = 1);

2. The standard logistic case: ¢f(x) = %(QF(x) —-1);(Z = %2>;

3. The standard logistic case: ¢s(x) = v/2sign(z); (Z = 2).

Before look into the theorem on the rank, first we introduce a useful theorem.

Theorem F.4. Let S, be linear spaces of random variables with finite second
moments that contain the constants. Let T, be random variables with projections
Sy onto S,. If VarT,, /VarS,, — 1 then

T,—ET, S,—ES, »
— ~ — 0.
SdTn SdSn

Proof. Take the expectation of the left side term, then we can see that it is 0.
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Next think about the variance about the left side term.

T.—ET, S,—ES - S, — ES
Var n n Sn AEJ‘Sn — 92 _9Cov Tn ETn’ Sn AE)Sn
sdT,, sdS, sd”), sdS,,
_ 9 2COV(Tn, ig”)
sdT,,sdS,,
B Vargn
SdTnSdgn
— 0,
which shows the convergence in second mean. O]

According to Theorem E.4., we have the following theorem:

Theorem F.5. Let Ry be the rank vector of an 1.i.d. sample Xy,..., Xy from
the continuous distribution function F. Let the scores ay be generated according
to (F.1) for a measurable function ¢ that is not constant almost everywhere, and
satisfies fol $*(u) du < co. Define the variables

N N
TN = Z CNiQAN Ry > TN = NENC_LN —+ Z(CNZ' — EN)gﬁ(F(Xl))

i=1 i=1

Then the sequences Ty and Ty are asymptotically equivalent in the sense that

ETy = ETy
and ~
AV _
ar(TN TN) Y
VarTy

The same is true if the scores are generated according to (F.2) for a function ¢
that is continuous and almost everywhere, is nonconstant, and satisfies

N . 1
1 2, ¢ 2
N;qﬁ (N+1) %/0 ¢*(u) du < oo.
Proof. Set U; = F(X;), then from Lemma E.2(5), it is seen that

E(o(U:)|BN) = E(¢(Un,Ry;)) = aN,Ry; &S
This implies that

N
E(Ty|Ry) = Neyay + ) _(eni — en)an ry, = T

=1

93



in almost surely mean. If, from Lemma E.2(6),

VarTy N Varapy g,
— = : — 1,
VarTy N —1 Var¢(Uy)

then the conclusion is obtained by the theorem E.4.
In fact,

E(aNaRNl - ¢(U1))2 — O?

which implies the convergence above. This statement is shown by martingale
convergence theorem, since each rank vector R;_; is a function of the next rank
vector Rj, it is also true that

AN R :E(¢(U1)|R1,,RN) a.s.

Square-integrability implies the uniformly integrability, which further implies that
the martingale convergence theorem is true. We omit the proof that ¢(U;) is
measurable w.r.t Ry, Rs, ... although it is also important to show

E¢(Ur) = E(¢(U)| Ry, ... ).

The second statement is shown as follows: Set byi = qﬁ(NLH), and show the
statistics generated by an; and by; are asymptotically equivalent. By the theorem
EA4.,

R
N i 11 — U; in quadratic mean,
since R
E(Ui|Ry1) =
GilEv) = 7
and R 1
VarN —]\iill BT VarU;.
This implies
XN
I Z(am —byi)® = 0,

which shows

Var(SN — TN) _ Zi]\il(am — bNi — (C_LN — Z_)N))2 50

Var Ty S (ani — an)?

which completes the proof. O]
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Theorem F.6 (Lindeberg-Feller central limit theorem). For eachn letY, 1,..., Yk,
be independent random variables. Suppose E(Y,;) = 0, E(Y,},) = 07, < 0o and

2 _ "k 2
Sp = Zzil Jn,i' [f

ke
1 n
) ZE[YnQZl{]Ym\ > esp} — 0, for every e > 0,
n =1
Then
3 N(0,1).
-1 °n
Theorem F.7 (a special central limit theorem). Let Y7, Y, ... be independent

copies of a random variable with finite expectation p and finite variance 0. Put
N
T, = Z%’Yi, a€A.
i=1

Then for
2
maxj<i<n @;

N
Zizl O’ZZ

the statistics T, are asymptotically normal (., ) with

— 0,

N

N
_ 2 _ 2 2
fo=pY a, oi=0"Y al.
=1

i=1

The theorem above is an extension of Lindeberg-Feller central limit theorem. Note
that the sufficient condition in the rank statistics case is

maxi<;<n(Cn; — EN)Q
S (eni — )2

Proof. From theorem E.6., we only have to show the Lindeberg condition

— 0. (F.3)

N
0> Z/ 2?2 dP(a;(Y; — ) < z) — 0.
i—1 Y lz[>e0q

To see this,
[ Sdpai-ps<a) = @[ gpmi-psy)
|z|>€eoq lya;|>€oq
< a?/ y*dP(Y; — < y),
ly|>eovqg
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where

N
Za / max a?
— 1<i<N
Hence
N
%_22/ xQdP(ai(Y;—u)Sx)Sa‘Q/ y*dP(Y, — p < y) — 0.
i=1 Y lz[>€0a ly|>eova

O

Corollary F.8. If the vector of coefficients ¢y satisfies (F.3), and the scores
are generated according to (F.1) for a measurable, nonconstant, square-integrable
function ¢, then the sequence of standardized rank statistics

(Tw — ETy) 4
Ty — N(0,1).

The same is true if the scores are generated by (F.2) for a function ¢ that is
continuous almost everywhere, is nonconstant, and satisfies

1w i !
YA ) P

The next central limit theorem is a case for dependent random variables.

Theorem F.9 (Dependent central limit theorem).
Suppose T,, = H?zl(l +itX, ;) and S, = Zf;l X
Assume for all real t,

1. ET, — 1,

2. {T,} is uniformly integrable,

2
3.5, X
4. max;<g, |Xn,j| ﬂ) 0.

Then,
S, % N(0,1).
note. Note that )
= (1 +ix) exp{—% +r(z)}.

A generalized CLT for rank is given as follows. The proof is quite involved and
we do not show it in this Thesis.
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Theorem F.10 (Rank central limit theorem). Let Ty = > cnian, ry, be the simple
linear rank statistic with coefficients and scores such that

max i — | — 0

1<i<N Z?:l(a]w — Cil,N)2 ’
leni — el

max — 0.

16N SV (e — en)?

Let the rank vector Ry be uniformly distributed on the set of all N! permutations
of {1, 2, ..., N}. Then the sequence

T — ETN 4
— __— = 5 N(0,1
SdTN (’ )’

if and only if, for every e > 0,

512 A |2
>y i —anPleve = el
ANON

(7;7j)3\/N|U«Ni*5«NHCNi*EN|>€ANCN

where
n N

A2 = Z(CLJW - (_IN)Q, 012\/ = Z(C}W — EN>2.

i=1 i=1
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